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.c.....1 o:....,~~ gf : X --+ Z tl:; .~~ o:....,~ 9 : Y --+ Z) f: X --+ Y tly}1 

<$..la.9 .J:'.J r.;))Xy ~ ~ A S;;; X ~~.x,j) J,.;~ o:....,~ f : X --+ Y tl:;}1 

.c.....1 o:....,~ ftA : A --+ Y tl:; .J,.;~ (~) 

tl:; .J,.;~ (.$.~.x,J L») Y.Y ~ ~ f (X) ) J,.;~ 0:...., ~ f : X --+ Y tl:; }I 

.c.....1 o:....,~ f : X --+ f(X) 

J,jJ)~.x,J (~I uJY""'u.1 J::- .J,.;~ ~15.; f : X --+ Y rsif uO) 
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.c..wl 0.::......, f (uJl) ~ . 

. c..wl ~ X J::"Y LS~) ~ k.~~ r.r~ o)5~ (y) 

x J:' l1(x) ~L..A ~ ,Y J::' N(f(x)) ~L..A ~ -' x: E X ~ LS1j1a: (r:) 

oS c..wl ::'.Y';Y .:.,l:.::-

f(l1(x)) ~ N(f(x)) 

.f(A) ~ f(A) ,A ~ X .l5'~ (::.) 
-;---

.f-\(B) ~ f-\(B) ,E ~ Y .l5'~ ('Ib) 

~ 0)5.; oS ~t., 0~ ~I$.:, ,.>...:,~ j~ ~~ .:.,T ~.:; j~ 4c.~ ~ o)..{; oS ~t 

.;:,' .J....Al; ~ ~I$.:, ,.>...:,L ..::.......... 4c. . T ~ ..::.......... ~ Y"rf... " ~ u . ~ 

,.>...:,~ X j1.::.~ cs.'.l...Qj.t.j 8)'1 . .>...:,~ o.::......,~ ~LS'v f : X --> Y ~rf ~) 

.c..wl .::.~ f(8) 
·1 ::.·L 0.::......, •• "LS'v (...$,... \ .. I,;.:; L ...$,... \ .... AI$.:, L) .. ' .~ 

J cs.'.Y"J J J .' ~ IJ'""" .. .Jj' ~y V'.... ..Jj' ~j' '-'-'" .~..j 

. 1 ~. ..s..,. t .. l.a.9..s.., ..s..,. t .. l...Qj..s.., 
.'-"-" .!"''!.::. .. J-Y.J'.-Y LS .. "'! .. J-Y.J'.-Y LS " 

Y "'! X jI ~.;L..A ~ .l5'~ .x...l; ~.;~ 1 Y -' X ~j)x; LSl...Qj.,::. 

.c..wl X ~;~ o.JLS'v y ~.J..:..JL,... u.1.J::' . .>...:,~ ::'Y:..r' 

. c..w 1 ~ l.;, ..L 0.::......, ~LS'V ~ ~ l.;, ,rl...Qj..s.., 0 LS'v . ')'"'J.-' ~ . ')'"1.> .. j 

oS c..wl . I~l;:; 11 I::. l...Qj A ( \_~ ~I$.:, L 1_'- ~ \ ~ L) L~ 1..).3 LS..l""' LS.J ~ LS LSj) ~ • ~ ~ .. ~~ .. 

ubi",! oS J,A::'rf ~ '-'4- '~::'($'" '-'~ Ax ~ oS ,1 11 )I u)::'.;: ,x E V )::'.;: ~ ~ 

~~ .c...:.b f3 J a .~J::. LSlA. )l5....1 

A(oox + f3y) = ooAx + f3Ay. 

~~ )::'.;: ~ LSIjI",! oS c..wl )J.i.;l 15..., I ~l:i 11 LS)::'..I. LSL..a; Uj) f Ja> ~I;; 
.[;J::. LSiA) 15..., 1 J :r\,Xr E V .[;J::. lSlA.)::'.;: lSljla: oS .:l);:' 1 rJ;u u.1 -' :'rrf 

f(oo\x\ + o;rxr) ool!(x\) + oorf(xd· 

Uj) • .>...:,~.~ J.> LS~IJ ~L..; ~.I:,}V'., .[;J:, lS)b..l.LSl...Qj V ~rf~) 

)'1 '~::'rf .:.,~ 0 ~ ,f(x) = 0 .x E 11 ~ lSljl",! oS 1lSif J:.> ~(:; . .>...:,~ V 

~;:'rf J.!; ,~~ )15...,1 OOr -' 00\ -' h, fr E V' 

f(x) = oo\h (2;) + arir(x). 
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.J~ )~, '-;-J~) ~I:i)~ c:-=:- ,0 )I ~ . .Jl.i; u.' ~ .~, ~ ~I:i i .s~, ~).J 
. ..l:..AG(5" V ~~j~ LSla.; 1 ) .s -,:!r(5" J~ LS)~J. LSLag ~ ~ "! VI ~~ ,~I:i 

($.Lag V rs(5" ~; .[x, yl ~.j(5" y(x) t!1:i J~ ~l; LS~ "! ,J'~L LSir. 

1 [Ax, il u)..~ .v LS» A ~ ~l5:; /' LSU'''! .~~ VI)I ~[,.;J~ y:= f ) LS)~J. 
i'(x) = [Ax, il ~L;, ~ .s i' t!G ,~~ i /' LSU I"! '('J.~(5")";.J') ,x E V LJT.J~ .s 
J' Jl> .[Ax, il = [x, f'l ~f.! ~'j(5" .~, V LS» ~ ~I:i~'.~ <-k~ 

~1;(5" JjJ) r-:.J)T(.S"" ~~"! i' ~ i /' LSU'''! J:)' u.' "! .[{;T ,.;:$ ~ V' .J~ i 

., L:... i' -A'i . 
u..~.' - ~~ 

[Ax, fl = [x, AI fl. 

[x, A' fl = [Ax, iJ = a, [Ax, hJ + ar [Ax, fr J 
= adx,AI!d + adx,AlfrJ 

= [x,a\A'!\ +arA'1rl . 

. ..l:..AG(5" A (~~j~ ~J ~W\ ~[{; 1 AI ~ ~~ 

~y,. ~[(; f: X -t Y) 4C~ ~ Y) ~~ ~;).x; ($Lag X rs(5"~) 

.~IyL;.. ,1 "! ~ Y LS» ~l:!L;.. LS;).xj .~~ 

.~, 

7r : sn -t Rpn ~[{; 'r-:.x.5(5")..;..J~ 1 Rpn = { {x, -x} : x E sn} ~~ 

~ ~&,L;.. LS;)Y.,j ~ Rpn ~~ '~~.x ~[{; x -t {-x, x} ~lb ~ 

. ..l:..AG(.S"" ~ LS.t..~ LSla.;-n 1 7r ~[(; "! 

r-:)~ 1.x.J ~.t..~ LS~\5..:. ,x....:,~ ~J).xj LSLag)~ Y ) X J' 

.7ry : X x Y -t Y ) 7rx : X x Y -t X 
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U.)Y""'<I; 1 lex, y) .] : X X X -+ X ~L. ..:.......,1 ~t X ~~ <..>)) Lf.:C):> ~ 

.~.Yl.>"' (~ <..».i5'.)L...; .).)) x + y ~. ($.~ <..».i5'.)L...; .).)) xy 

~~ .)y;y G <..>)) J..j ~.w ~ ~tJ.) ~ olS'~ ...\.:..G 0).)1 G ~~ 

<..>bl<l; AS ~~ .)Y';"y v~ ,.)rl.>"' o~G G ,s.w ~ AS e E G .x.;L. <..>y.:= (uJl) 

.g E G~ 

ge = eg = g. 

v~ ,.)rl.>"' o~G 9 r..r~ tS .g-' E G ~L. <..>y.:= .g E G ~ <..>bl<l; (y) 

AS ~~ .)y;y 

. ...\.:..Gl.>"' lS.i..~W r ~11;..T ~1 

vL.:.; -g ~ 1 ,)) 9 y.:= ~ r..r~ J 0 ~ 1 vT ~w y.:= .~~ ~ oJ}} 1 

·.)rl.>"' .~G ~.~ oJ} ,~~ 0 ~ e ~w ~ vT ~ L&;:i AS d'J} .-X.tb.)l.>"' 

~J ,-X.tb.)($".jL.:.; G x H ~ 1 H J G ~ y~l.:,.. ,~~ oJ} H J G}I 

~ 1 vT ~tJ.) 
(g, h)(g', h') = (gg', hh') 

G EEl H ~ J..:.......,I ~ ~ .jW ~ y~l.:,.. '~ oJ}.)') . .x.:S($" ~.r:; 
. .)r($" d.) .jL.:.; 

<..>bl<l; tS c.J)'J Li.1 ~ ..:.......,1 ~t ] : G -+ H ~.~ <~~ oJ} J') ~ H J G }I 

<9,9' E G ~ 

](gg') = ](g)](g'). 

H J G <">~J} ~}($" <u.)Y"""Li.I.).) J <.x...G($" ~.~.1 wT <~~ Lf..rJ.) f }I 
.] : G c::: H ~. G c::: H ~j($" Li..)l..; u.)~"'. d'lS' .~k: .. ~.~. 

~~]:G-+H'~ 

ker f = {g E G : f (g) = e} 
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.1.0 f ~ .J .. ..:~ ,,' (fj"'laS ~b <\.> •. ..l...~ .c......,1 H 'w, ~;.,~ e . T .:I.s c......,1 • ~..r"!. . Y '" r.f,7- U) 

.c......,IG~w,~j1~ 

:;\) J-..I ~J} .gg' = g' 9 .g, g' E G ./' LStl~ olS'./' .>,;..t; J..~~.yU ~. J01 G OJ} 

~ .:I1.l.C1 ~ Z (;T).:I .s G~ n) Z EB Z··· EB Z ~ ~.~. c......,1 rf'J} n ~)) 

.~I 

.>,;..t; ,,' 1 L.:; .. ' ~ .. ' ( .. 1 ....5",,,,....5,,, .. ' _A~ . <f' ~~.),}Y. V 'X ~./-- J tS"""~ . .Y'" V... ..~.r-

n 0lS' ~ .:I"":<f' d n .~.". ) a 'U)J-"'u-.I j.:l .0, E G J .J,..;~ oJ} G rs<f' if) 

~ (,$.:I.l.C }I .c......,1 G ~w, ~ e as . .J,..;~ an = e c..J:t.J ~ ~ .:I.l.C u..A~ 

.c......,1 ~t::....\:, <...;;.".) a ~}1..5" .an e as (,$jyb~ .J,..;~ .:I.J"':Y' n .x.:L. 

G ~./' .s .J,..;~ ::'.J"':Y' (;l:.:; a E G .x.:L. (,$~ 0lS'./' .>,;..(; \.S),}:; o'j; 1 G oJ} 

. .>,;..(;1..5" ~J}'...;;.". 1 ~J} (,$~I .:I1,,),ij . .x....t;1..5" G ~y 1 a cJL,.. 0:.1)::. . .J,..;~ a) ~~ 

.c......,1 wI ..JY' ~Y" ~ Y.!r. (,$jJ.:I oJJ ~Y" 

. .J,..;~ oJ} G <.$.l:;J::' ~ ~ H ~lS'./' .x....t;1..5" G o'j;.tJ 1 G oJ}) 1 H Ac.~.)!.) 

,X,.,l,.:I1..5" (;1..:.; gH ~ 1 9 ~ ~ H ~ .~~~ ~L{;T.g E G J'>-":~ G 0J}..I..) H}I 

01..5" ~.,..:; ..)!.) U)J-"'~ J 

gH = {gh : h E H} . 

. .,1;"":1..5" ~ . .,..:; ~L:... 01.;' ~ H c......,1 (,$~eI.£;.~f'"'" 

.aH Ha.a E G./' (,$bl~ olS'./'.>,;..t; j\...; o'j;.tJ 1 G oJ}) H oJ}..)!.) 

J gH ~ Ac.~f'"'" U)J-"'0:. I).:I . .J,..;~ G JL.; oJ}.)!.) H J oJ} G rsl..5" if) 
G j,) H (,$~elC~f'"'" rL.:; jI ~ G/ H Ac.~ . .,I;Y.!r. f'"'" ~ Hg c......,1 Ac.~f'"'" 

(;T.s c......,1 rf'J}.Ha,Hb E G/H./' <.Stl~ .(Ha)(Hb) Hab cs.l:;J') ~ ~,,~ 

'r::--t;1..5" G / H ~r::J\> ~)}~. H y. G ~GJL;.. "J} 1 
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~.J .\ 

L%lA)::";"L~ tl::->I 'c:[;) <.SI • .:I.)) lA",,~) <.SI • .:I.)) ~ <.S.:I~.)),~ ':"[;(5" 1 c::-.,J 

. ..:... ... ..,I.xJ 0.)~~ .::.......) ~,) ~.,..ii . ..:.....;)' p _P , • .:1.) J::> ~ ~ ...5y, J. ~lol 

)..:.......,I~~.) t~ ~~ 

!>,~I) <.SI.,).) (Wil) 

X .Jy> ~ lA);:.;.,u) <.SI""~'J; .::>.)) Y J X ,,~I) ~.r oJ ~ <.Sbl~ (y) 

!:lr(5" d.:l ~L.; hom(X, Y) ~ <IS' Y ,)Y. J 

.>,;.;L. lA.)L;,.,u) ~ ~ ~ e.S if-!l:; ,Z J Y j X >,~I) ~r L%l:;<I....J ~ <.Sbl~ (c:) 

g:Y-tZ J f:x--+Y 

gf: X --+ Z 
I··r .......s .. '-t' ... 'J' 



~~I)::>.Y = Y\) X = X\ ~TJ-.. hom(X,Y)nhom(X\,Y\) = ¢ 

.~L{; r-:::.J(5" )~) LS~~ .t5., ~.r.(5" )lS'~ ~~ ~ ~ 1 J~.J c!'L1 

ri JJ...:, ..I..j J)'"""I)::> ..l:.~ i.A.)~.) 

.L{;T ,h : Z -+ W J 9 : Y -+ Z ,I : x -+ Y }I :t..>f..~.:;.$ ~ 

h(gJ) = (hg)f : X -+ w. 

,I: X -+ Y )'16 ~~ ::>y;.r 0~ Iy : Y -+ Y )~) ,Y >-~f' ~);L.. :~w 

.hly = h .L{;T ,h: Y -+ Z }I) Iyl = 1 .L{;T 

::>;~ ~ '::>r(5" • ..l.::--l; y ..;W J~.J 6.Iy ::>r(5" ~} ~ J)'"""I u..I ) 

y.::; If~ 1 9 .K:T ,gl = Ix ) J:....:,~ ):?~) 9 : Y -+ X) f : X -+ Y }I .~I 

r'" ) 1 ~ If ~ r'" cS ~I LS)L;..~J f u-" ~ .J.:...l;(5" 9 ~~ u-" ~ 1 1 ) 1 
LS)~) .t5f' J.:...l; c.sj)~ 1 0T ,~~ ):,:·;"u f : X -+ Y JI .~~ z.,T ~1 U" ~ 

f : X ~ Y ~ 1 ~ u..1 .J...:,~ f ~;,)::> U"~ cS ~~ ::>y;.r 9 : Y -+ X .x...;1.. 

,~~ f ~1 U"~ gr : Y -+ X) f ~ U"~ g\ : Y -+ X }1.J:....A::>(5"~!...; 

.K:T 

g\ = g\Iy = g\ (fgr) = (g\J)gr = Ixgr = gr· 

.~I);.r. .r..j ~ 1..iJ 

) ..),j.r.li U"~)::> 0T ,~~ ~b ~1 (j"~) ~ U"~ I: X -+ Y }I \." ,J 
.~I LSJ)r'" f ~)::> 

6 .»).) .»)~ ~ c.r~ ,I : X ~ Y .x...;1.. LSJ)r'" f' 6 .)r(5" ~ 'LX~~ 

.x...;1.. LSj)r'" ~.}I .J:....A::>(5" 0L.; 1- \ : Y -+ X ~ 1 U" ~ u..1 ,~I LSJ)r'" .) y.. 

.X ~ Y ~Y(5" LX.)!...; W).r""~ j s.j)~ Y ) X ~}(5" ,~~ ::>y;.r 1 : X ~ Y 

LSj) LSJ)r'" ~1 ~ X ~ Y ~1 u..li~ ,~ILSJ)r'" ~J)r'" ~; 6 ~I trj) 

.~I £;.....,) ~ >-~I k~ 

rl..:i 0.») ) >-~I 0::» 6 ~I LSk;.",) ~(5" W r Jl:.. LXI j::> 6 LSI.c.....,) \." J~ 

) 1 .x...;1.. ~l; rl..:i ~~ hom (X, Y) ,J:....:,~ ~~)::> Y) X JI) ~i.A.~~ 

.~IY~X 



,~.s.,.,t·· ~L..Q.;·I,,~IIS~I,cl.c.....- Jl::..·1 ::.L.~~.~JI;,.., j .. JY J!,)' <.$ w.. v 'J (i. J 'J 

~; oJ.s::l; ,~; oJ.s::l; <0JJ"""'(i.I J ::. .~I Y "-! X)I.c.....-~ t-Iy' 4c~ hom (X, Y) 

.~I t-Iy' 

hom (X, Y) j'~ ~J} ",I ,,~I IS ~I <.$I.c.....-J Jl::.. ~IJ::'):.; ::'JY ~J~' '( JI;,.., 
.~I Y bj) "-! X bj}) ~~ 4c~ 

",I ,,~I t.S ~I <.$I.c.....-.J L. ~.J . ..l..'....:J~ olyJ::. "~j::' X r j X \ ~U"" ~) f. ~ JI;,.., 
J<~XrjX\ 

lfj~t; .~ 
~ <Cr "-! C\ ) F \.SI::.J~ 'u~t . ..l..'....:J~ .c.....-.J J::' Cr J C\ ~U"" ~) ~. '( ~~ 

~ 1 F(X) .>;.;L. cr)1 <-~~. ,c\) X ,,~/, "-! IS ~ t-l:;..5:.) ~I 

.>;.;L. Cr ) <.$.J~J ,c\ )I f : X Y)::·;,,,,u /' "-! .s <.$.J~J t-I;; ~. J ,..)..b::'U"" 

~lv IS <.$J.,h,,-! ..)..b::'U"" ~ 1 F(j) : F(X) F(Y) 

F(Ix) = Ip(x) (uJl) 

F(gf) = F(g)F(j) ('-;-') 

• ..l..'....:J~ A~ J, 

<.$.J~J t-t ~J ~ t-t~) ~I ~ Cr "-! c\ jl F <.$bJ ,::.\ 'u~t~. '( ~~ 
(.$~,,-! j F(j) : F(Y) -7 F(X) bL{;r <f : X -7 Y jl ~I ~ r. r ~ . .r:; .>;.;~ 

~~~I::.(..,..,)~ 

F(gf) = F(f)F(g). 



"; ~~ ($~'t.{; -' ...5y,;}Xy ($L",~ L./]I b./~ ~~~ F ~U"" ~;~. Y J~ 

($I.J.C.~ ~11.JT ($~.i.) A;;.~ ~;}y"y ($~.;A "; 6 ~4 c:1; J L",.J.C.~ L./ 

]x) .x...l;U"" )e~:::.t 'w~t 1 F 0~~ 0:'.1 '»>~U"" ~ [e~ ~ ($j}y"y "; 61 

·~.xJrf «.J:~l;» 1...5y,j)y"y ($~ );:';"L.,.)I ~ 

'w I ... ,.t.{; ",L:.I"" ..5 c ~ c'l 'w' <' .. t .~G ~ C .,:< ',j V.Y J~ r.:;' ~ -' .. vJJ . ./ r.:;' <.!)-""': • '.) r::-U"" lJ""..r 

. ...::.-.,I~J~(...::.-.,1 

l$~.))""'" "; 1 c\ l$~))""'" T .t.{;T (~~ Cr L./ "; c\ L./)I ~ ~t T }I ,. Y ~ 

'.)}~U"" Cr 

. ...::.-.,1 uT ,,;L.. bJJ~~ .J~t ($1: u~1 '~U"" ~~ bJyJ> 0~t ($!y' 1 ~ .,:)~\ 
(UJy.-::>u..1 J~ ·...1...:.4 c\ )I ($)),...." ~. f : X -7 Y J (...1...:.4 b./yJ> ~ ~t T ~U"" ~; 

1.,iJ ·f-\f = Ix ~.~ ";~ 

A;)oj~ t.r~ T(f-\) u.!r.~ .T(f)T(f-\) IT(y) (':!.xJU"" ~ ,,;L.. 0;.)0 "; 

u~1 "; ~ ~ J') . ...::.-.,1 Cr ) ($)),...." ~. T(f) (\. r r1 ";~ 1.,iJ . ...::.-.,1 1"(f) 

.J.w./U"" 





(0 :S u:S ') O:u .x.:L.l+w]l lSl • .')'.,:1.;. ~).')J~ ~ .J.j}>t;;.. c = [0, '1 J.>[, .j~ 

. .6 ~ "-r.; J.,1~ 'U ~ ~ O:u) a, = (J) aD = a .$ ~ ~.~ w~ 1 

J,Li; ~ -' 11 ~ ~b.$ X ~ F .x.:L. ~~ ~/. wlj<f' 1 "-r.; ~ ~ (~ 
) ~~ F r.s<f' if) . .')j ~~ ,~~ O:u ,if);" lSlu lSbl~ F oJ~ ) ,~~ C\ 

.j..,...,... F(t,lI) m)...G...r-I' lSbl~) ~~ "-r.; F }I Uj.r""u..lj.') .~~ X ~ c\ xC 

c..wl au lSi+W LY..Jo ) (J ~ a) lSl"::""'r.; ~ ~ . .j.,..... F .~T ,~~ au wW 

.');~ ~ F .$ J;$ 4:>;-j .(c..wl (J ...1.,..... F(t, ') ) a .j..,...,... F(t,') <.r"~~) 

~.l..iS J)w U..IlSlr. ,a, (J) a o a .$ au lSi+w]l "-~ 0.')1.,;[;.. .r-I' 11.) ~ 
. .')j ..u.ly. 

-' ~j ~.~ Jt.... ,~.;,j ~r r$jYr (~ w~ ~JJ lSlr. .hu 1 J; .,.Jl1.. 

'~.')<f' 411 cf.YY.Y' ~.') 

.x.;L. "-~ if-!l:; clS'.r-I'..J,;...,L; ~'yyy.1 fo, J\ : X Y ~r.; ~~).') \.f ~~ 

,x E X .r-I' lSbl~ .:S ~~ .')y;-y w~ F: X x C --t Y 

F(x, 0) fo (x), F(x,') h(x). 

~ fo c:::: 11 ~";<f' >.::-Jt.... u.. 1 j.') • ..\:....>!.;<f' 11 ) fa v.:-: t,;!.y..,..y. 1 F ~l.S'V 

,Fu(x) = F(x, 11) ~L;, ~ 1 Fu ~l.S'V ,u E C = [0, \l.r-l' lSljl~ .F : fo c:::: J, 
.F, 11 ) Fo f 0 u..lr.~ '~<f' ~.P ,x E X wI J.') .:s 
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·f\(x) = 0) fo (X) = X ,X E m;.n /' tSbl,"-!) X = Y = m;.n r.sif~; U" Jl::..o 
~lo ~ 1 F : m;.n X C -+ m;.n ~~ 

F(x, t) = (\ - t)x 

·fI(x) = 0) fo(x) = X ,x E C /' tSbl,"-!) X = Y = C r.sif~; ".f Jl::..o 

~lo ~ 1 F : C X C -+ C ~~ 

F(x,u) = (\ - u)x 

~t ~~ ~. ~ .t5/, .x...l; (;Yv ~;YY> 1 f : X -+ Y :l::....,~ tl:; ".f ~~ 

'~~~;YY> 

~)J,; ~J)~ ~[, J~ .~L:; ~;Y~ ~I ~ (;Yv ~;Y~ tS~~ f.f Jl::..o 
.~.~L.;~y ~l.~X .~< .' .~l.~ ... .b>..::.....t I ••. ,.~ 
v.~-,.-- .. ) .. r~ t.r'~ . . .• YYr . tS'-6-' 

fo (x) = Yo ,x EX/, tSbl"-!) ~~ Y ~l.,;;.., tSlJ.<\.ilYJ.'l u-bt;,; y\) Yo r.sif~; 

J~ ~I ~ X x C ]x) ~ ~;YY> fI ) fo uJY""u.1 J~ ·fI(x) = y\ ) 

.~I ~.c......, ~~..s., ~ ~ tS~ ..s., ~ ~ ..::........... ~ Y .5Jl.,.. • ~ ..• .. 'J ) .. • 

F : Sn- \ X C -+ Sn- \ 
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AkL. L I • • !J 

F(x, t) f(tx) 

y F(x, ') f(x) x r-:')~ ,x E sn-\ ~~ uJJ-""'(r.'.IJ:::' .~(J""" ~.YW 

,F ~~ r.S<..>".;oj ,~~ . ..:.......,1 x]l ~ f(o) cS F(x, 0 )=f(o) 

F : Sn- \ X C -+ sn-' 

c.>b <10 > 0 .;A ($bl,,! IjJ . ..:.......,I.c....,~~I~ F ,..:.......,1 ~.;)~ sn-\ ~Y'; .r.S<..>" ~.,;t.: 

f u..lr.~ ./IF(x, t) ~ ell < b .~T .t < c ~15'.;A cS ..:.......,1 ~Y:Y' ()~ x jI Ji:-.. ~ 
.J...,J<..>" 0~1 "! ~ IjJ y ..:.......,1 .c....,~ 0 Jj 

.jy, ..J.:.AI;" ~ ~..\.:.:.r Jj ($~ c.>4-J 

J 1J.,.j .~T ,~L .c...., 1 .... 1..{; g : Y -+ Z f': X -+ Y }"I \.~ .1 . Y" \f.. . . ~ <..>O"ir"" .) r'" 

. ..:.......,I.c....,~ h=gf: X-+Z 

J~ 4cy>-":'-'.;A V"~ eJI..{;.) ..:.......,IJ~ X J';) ,Y ($L.;.; jlj~ 4c~ yl> c..r~ .J~ .u~\ 

(0)-"0'.1):::, .~~ Z J;' ~I;J;'J~ 4c~ G r.S<..>".;oj . ..:.......,Ij~ Y J::J ,Z ($L.;.;jl 

~1j1h~~ 

.)p(:r\,x;y) = x, 0J~"! q: X X Y -+ Y.)p: X xY -+ X}I r.~ ~ 

. ..J,.;I.c....,~ qyp .I..{;T ,xr E Y.) x\ EX WTJ) tS.xy:, ~y:; q(x\,xd :1;1 

~.Y' <..>OLp,j) 4c~ p-\(G) (0)~a1Jj .~~ J~ X Jj G ~<..>" .;oj .u~\ 

)j G X Y .5p-\(G) = G X Y IjJ .x) E Y J x\ E G .5..:.......,1 (X\,xr) 0)~,,: 

. ..:.......,1 .c....,~ q .5 r:'-:<..>" ~ ~L:.. ~j, ~ . ..:.......,1 .c....,~ p 'u.lr.~ . ..:.......,lj~ X X Y 
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I.·· ,.~ g:B-+Y f:A-+Y <'I J..::,GB A..:........~ . .)Y~IX <'I ~.~ ~I 
c..;:'.~ -' .r -' . -' . ~.f)-' L ..r (""' 
~ h : X -+ Y J~ .~T ,f(x) = g(x) IX E An B /' <.Sbl~ .$ <.S.J.,1~ ~~ .c...,J::"! 

.~I .c...,J::"! IX E B <.Sbl~ h(x) = g(x) -' X E A <.Sbl~ h(x) = f(x) ~L..;, 

F = F\ UFr u.JJ"""'(iI.J') .Fr = FnB -' F\ = FnA IF <;;; X r.s~.}:>j .u\.;>1 

1.iJ -' 

h(F) = h(F\) U h(Fr) . 

. ~I <l.>:-~ .:,T ):-~ ~.L..; <l.>:-~ <.SJJ - G...A'J,s; .:,1.J') .$ 

.~I .c......: A !t.) X E A 1.iJ -' X E A .$ ~I U::-JJ .~T IX E F\ = F n A}I 

-' Fr <;;; B ~~l>" ~ ~L:...li>.), ~ .h(F\) = f(F\) ~.J.) ,F\ <;;; A (ilr.~ 

rub I..J.:I.c...,J::"! 9 -' f .:,~ .h(Fr) = g(Fr) 1.iJ 

f(F\) <;;; f(F\), g(F r ) <;;; g(Fr)· 

h(F) = h(F\) U h(Fr) <;;; f(F\) U g(Fr) = h[FJ U h(FJ. 

~.) . .. .J 

u..lr.~ -' h(F\) U h(Fr) = h(F\) U h(Fr) = h(F) 1.iJ 

h(F) <;;; h(F) 

.G..wl ($j)~ ~1 ~ ~ ~1 r.~ ~ 

·f ~ f .$ ~~l>" ~ ,F(x, t) = f(x) w.JJ"""'~ F(x, t) c..;:',j.JA~ ~~ ~ .u\.;>1 

~ c..;:',jY'~ ~ G(x, t) = F(x, \ - t) ~~ Jr..) G: 9 ~ f .~T IF: f ~ g}1 

~L..;, ~ 1 H ~~ ,G : 9 ~ h -' F : f ~ 9 }I .~I f -' 9 

{

F(X' it) 0 ::; t ::; ~ 
H(x, t) = \ 

. G(x,it-\) -r::;t::;\. 
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.H: f ~ h~)..::.........,1 ~~ H ,r.r ~ ~~ ,u.).J"""0:.I.).:l. r.5u-" ~~ 

·.:lru-" J...:>l> ~ u..1 jI ~({; (,$.,yyyA o.:l) t~ 
L d l ••· "K; L.:;·I I( ".,. ·r I~L:..::... ....... ~" • .:> .K;T ,~~ ~ ""K; f el 
~ ...,~ t .) J-' ............ (.) r \$..-" .. r J . ~ <f"'" f 

tS~K; (,$.,yyyA tS~ • .:l.) tL.:; ~~) .:lru-" d:l ~L, .. ; {j} 4.s..::.........,1 f 4 ~yyy. 

·:lr<f d.:l ~L..; [X, Yj 4 Y ~ X) ~~ 

. (J.. J.::>W <..-vS ") 'f. 'f ~ .. ) ... '.I .. 

h ~ fr )'\.~\~).J.. g\lg~ : Y -+ Z) h,fr: x -+ Y L)::'t tS~K; (') 

·g\h c::' gr fr .K;T ,g\ ~ gr ) 

~ tSb\~ u,)Y""u..\.):l ·f ~ 9 ) ~\~);.. f, 9 : X -+ Y L)::'t tS~K; (r) 

,A~X 

flA = giA. 

{

g\(l)(X, ~t) 
F(x, t) 

'I!(fr(x), rt - ') 

, 
0< t <-

- - ~ , 
-<t<\. 
~ - -

g~ fr ) g\h c:r. (,$.,yyy. ~) Z ~ x x C)I ~~ ~K; F(x, t) 'U.)-"""0:.\.):l 

. ..::.........,\ 

Ill) flA = fi w.).J"""0:.\.).:l ·~4 ~~ c..:,K; 'i : A -+ X r.5u-" ~) (r) 

. .:l" ~ (') ~ ·lu~1 :J'"" u-" . .. .). 

,x E X ~ tSt\~ .s ..::.........,\ :l.J";y z..,4 F : X X C -+ Y .,l;.;l.. ~K; .u~\ 

~L;:, 41 G : X X C -+ Z J.~ .F(x, \) = g(:r.)) F(x, 0) = f(x) 

G(x, t) = hF(x, t) 
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G(x, 0) = hF(x, 0) = h(f(x)) 

G(x,\) hF(x,\) h(g(x)) . 

. J.....J($" u~1 ~ ~ U!!r.~ J hg ::::::: hf 1..iJ 

.~.? c.;t li,s ~ ~L... ~). "! uti($" 1 J.j ~ 

. .. ~ 

~ ~jJ.JA~' 
~I (j:J 'C-:hl ".. ... U!I.J~ .~I C-:.~-'..J..,.. ... .Jl:::~ <.rj "!.J:..; ~.Jyo u:.,yyoy. <..S~)YO.J~ 

.$~ u-i4 c.;t [r-::-"l;($" ~.~;:, ~); 1 uT ,s] ~ ~ ~.); t.?.J~ <..S1~~J.j 

uL:..; Xr -' :l~1 uLS:: <.;>::Lf;1 -' <.;>::I~I .1li: 4 {j J ..... / o~L uW J~ uT.J~ ,s 1 r.r JS-..:. 
.J;S ,J;....)l, ,$I.~ d~ 

L) 1(· '- I -~ "..1.4.,1 ) ~ .-. '" ,,,,I..::....., I '" ry _ .\ '.i • ll""""" ~ '~v • .J' Cf.~ <....J.JY-::> ,"" 'J::;.JT'. f r($" U'" J 

<..Sl..;;,;;.I)~.;A <.;>::Lf;IJ <.;>::1~1.1li:,s C-:.~J.l:>...o U!14 t..1 '~r .1.>.; IJ "!-' ~~ (c.r.;)};) 

"! ~ {j J "(....; ........ rS~[{; ~J..::..Jl> U!I.J~ ·~4 Xr -' XI .1li: ~~ rSLt;wo.)ljL;.. 

.~($" 4111 (~U!I J::.i~ ~f.i u?I.~ ~yyoy. Xr J XI) ~ Al::~J.j 

<.;>::~K; fl : X -+ Y J fo : X -+ Y rS~[{; -' A <; X ~($"~; f.f ~~ 

~ .l5'.;A ~ ~.jJ'"Y' A 0..: ~ II J fo ~J($" ,ujy-::>U!I.J~ ·~4 ..::.....,~ 

r 

8 
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t jI ~ P(x, t) ,x E A yIb ($jjl~ oS J..:.,~ .).Y':"Y ~~ 11 j fo ~ F .x.;t.. r.f-,jyY' 

.F(x, t) = fa (x) .t E C yIb j x E Aylb ($jjl~ ~.) 0.J~ ~ .J..:.,~ 

1 F cf...jyY' ·fo (x) = f\(x) ,x E A yIb ($jjl~ .J5 ~I 1::'""1" cJl.". u.1 J) 

~..l.4 F ~ oJLI .5 (,f"~ j fo '::2:: 11 (relA) uJ)"""~ j .J,;...l.;(,f" A ~ ~ r.f-,jyY' 

u.J)"""~ ,...I..:i~ 

F : fo '::2:: 11 (reI A) 

F: fo '::2:: 11 (reI A) 

Xo E A.f> ($bl~ j ,F(x, \) = hex) j F(x, 0) = fo (x) .x E X .f> ($bl~ o~T 

A ~ ~ r.f-,jyY' o~T .A = ¢}I .F(xo, t) = fa (x o) = f\(x o) .t E C.f> j 

.~I ~ r.f-,jyY' jI (f""i.;. cJL,. J~ r.f-,YYY' 0:'.lr.~ .~I v:,jyY' ~w 

.~I.c....,~ F 0J)"""0:'.I J .) '~(,f" u.:.~ F(x, t) f(x) 0J)"""~ 1 F 'I$.tj~ .-:.,,\.;\ 

Ii! .F(x, t) f(x) j F(x, 0) f(x) F(x, ') .x E X r tSul",: ;S ~I ~» 

. ...I..:i~ X jI ($I.u:.~ ... .uylb J.ilj(,f" A ,).J.).5 f '::2:: f(relA) 

F : X X C .--.,. Y L~ ~~ uJFU.1 J::> ·f '::2:: g(relA) ~(,f" ~) '~J~ 

Oj~"" .F(x, \) g(;r;) J F(x, 0) f(x).x E X yIb ($bl~ .5 ~I .).Y':"Y ~~ 

~L;, ~ 1 G: X X c.--.,. y ~~ .P(xo,t) f(x o ) g(xo) ,Xo E il}1 

) ~I .c....,~ G • U' ~ ~l: 0.JJ"""Li.1.J~ .~(,f" ~~ G(x, t) F(x, \ t) 

G(x, 0) = g(x), G(x, \) = f(x) 

F, G : XxC.--.,. Y L~ L>~tSv.g '::2:: h(relALd '::2:: g(relA) ~(,f" u"") · .... AI; 
'X o E A.rib ($jjl~ ) ,P(:r, \) g(x) .F(x, 0) f(::c),J..5 ~.)~.:r" ~4 

($)jl~ j ,G(x, \) h(x) ,G(x, 0) g(x) ~ .F(x o , t) f(x o) g(x o) 

.G(xo, t) = g(x o ) h(x o) .Xo E A yIb 

'j .... .;:.,.....,1 relative * 



H(x, t) = F(x, rt) 

~L:, ~ 1 H : X x C --+ Y J..;,;; 
, 

o < t < -- - r 

H(x, t) = G(x, rt - ') 
, 
- < t < , r - -

,H(x, ') = h(x) ,H(x,o) =f(x))~I~y':!H ,f.f ~ ~~ wJY""u,IJ.') '~if~.P 

.j ~ h(relA) u'lr.~ .H(xo, t) = f(x o) = h(x o) ,Xo E A.."A tSbl~) 

f: X --+ Y .x.;L. tSl.c:..... I.·· ,.~ L.; ~ 6.')" ~ 9'.f ~·I U" ~ ~ LS'1"""" ( ~ :Y""if... .. J 

·.')y:,if ~ ,.\;j)rA' ).')~).') ;$ <.$.iAo.')J ~ ,~~ Y) tS..I>l) 4.b.i; x E A J .') ~T .)5,; 6 

. 1 ·1....5v .b. .f ~ g(relA) <'I ~ <'I ~ 0.') ....5v 40 ·1.··. 9 f L ~~.') u.. J .. ..r ..r')..r' ') ..• 0""'-'-") ~ ) 

·.x...l;if \$..y-,,"y. b J 1 ~~ tS~~ tSiAo.')J 

IY..~ 
.f(x) =J -g(x) ,x E x.."A tSbl~) ~~ ~~. f,g : x --+ sn tS~l5,; ~~;.' 

·f ~ g~.') uL; 

)}I ~I (0 ~'yyyl> f ~.') uL; .~~ ~y.:! f: s' --+ x ~~ ~.;o;.r 
.f = giS' 6 ~L .') .l:.:> 9 : B r --+ X .x.;L. ~ .. ,.~ <'I k . '.J"';"Y tJ • ~ c..s-" ..r' 

~.') uL; .~~ ~~ g: Y --+ Z ~~) fo ~ h(relA) : X --+ Y ~~;.'" 

.gfo ~ gh(relA) : X --+ Z 

.gofo ~g,h : X --+Z~.')uL;·go ~g, : Y --+Z)fo ~h : X --+Y ~~;.f 
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~~~~I~~ .\ 
e~T ,J.:,~ ..hi; ~ J.l..:, .hi; wT • .J~ .s J.:,~ ';;""J::; ~~ g : X --. Y ~~)'I 

c~T ,J.:,L .. ,,~., L ~ .. .b. f : X --. Y ~~ <'I . ..::........,I..:......~ ",.~ g 
• (.$"""" ~. ",Y Y' .r .r. ($'""" 

~ .. I 'W" A[5,; <'I .. I ( ~ .. L)" ~ L ~ .. f <' ... Y.Y Y. X if ..........., .r' . .........., ~ ... Y Y' Y. ... '-': . ...Y Y' Y. ~-'"'if 

~ .i.~J.,;;; J .r.~~.~j::. X ~}if cL{;T ,J.:,~ (~l.:..-, LSI.;;...,.) .J::') ~~ ~~ ~ ~ 
• ..::........,1 ~ . ~\ L A1.i; ...s,., .i. .if ... .. 

~ J ~~. c.r..:J)'::' J-::.j>.J::' .x/jif ..s..::........,1 wl:.o: .i.i;~~/ LS~ ~.Jif ~~/ 
.::. ,. 1J...j..hi;...s,., 

Y" If.. • .. 

.i.~ifo~1 Bn..s ~::'if w~ ·~AP.J:J 1 J.:,..~ ~ C?~n (rJ.j» 'O.;5,Bn ~.f J~ 

x~ + ... +x;! ::; ':il:::1.J:J.o :J"':'if ~ (XI," . ,xn ) .x .. ;L.]Rn jI J:>LA.;j1 B n 
. ..::........,1 



F(x, t) = ((\ - t)X\, ... , (\ - t)xn ) 

F(x,o)=x, F(x,\)=(o,o, ... ,o) . 

.::.-,1 :J . l;;.. F : Y x C --+ Y ..>-:.,;[.. c.::......, .. ,.[5,; ,.::.-,1 i, . L.A;I y. ..:.,,\':\ 'Y.' Y' u • ~ <5'"'" Y.. .l.J"'" . uY: . 

. .::.-,1 ~~ 1.5~ Yo wI.J:J rS ,F(y, \) = Yo J F(y, 0) = y ,y E Y yA I.5bl~ rS 

.~L c.::......, .. ,.[5,; f : x --+ Y ~[5,; -~< .' . ~ <5'"'" rrf l.J"'" ~ 

~l.b ~ 1 G : X X C --+ Y ~[5,; 

G(x, t) = F(f(x), t) x E X 

'~rf ~yij 
eJ'k~ . .::.-,1 c.::......,~ G ;$ r:~(f" ~ \.r ~) d.i;; .... 1 ~ 

G(x, 0) = F(f(x), 0) = f(x) 

J 

G(x, \) = F(f(x), ') = Yo . 

,g(x) = y ~L, L c..,~ ~[5,; g rS .::.-,1 g : X --+ Y L s... .. ,0<1. f . 1 l:., ° . . . . ... Y Y' .r u..!I., 

.J.....Jrf ..:.,~I ~ ~ ljJ . .::.-,1 ,x EX yA I.5bl~ 

) ($.YYy. o:J.J~ . ..6.;J.'.~~W;llS~yA.J:J oS:Jrrf ~ ~ u..I)',f ~ 

. .)).) :J'Y.'J ~[5,; 



~jy~ ef·Y 
J : x ~ y L~ <.S~tS:.; olS'.rl> .;;)~ (,.s'.jY'Y' ti ~ Y <.SL.;;.,$ j X <.SL.;;.,$ ~.; 

Jg: Y ~ Y j.Ix ~ ~jyY" gJ : X ~ x oS J.:....::,~ ~y;,:'Y 04: 9 : Y ~ X j 

.~~ Iy ~ ~j-yY" 

~ 1 Y j X L$l,."w..; ·.x...~if \.J'..YYY' L$j)~ 1 9 j J <.S~tS:.; ) ~'y> 

. .x...l;if j)~C~yY'Y' 

JoL:.; Ju;.6 u:!L.;;.,$j..t.~~~1 <.SL.;;.,$ ·~A,iy' (r.f JI;..) J} JI;.. ~ f.f JI:..o 
}I) J.:....::,~ cJ.:.:.)~ ~I ~ L.;;.,$ 3~ 0:'.1 L.I . .J,;)~ <f-,j-yY" ti ~ ~I ~ ~ 
.(...:........... ~.~ 1~....5.J L.;;.,$ L ,~L ..;;..:;,1.:, ~ S.·I·' j,. G..;I <.SL.;;.,$ .. .j <.S <.S.. .. J I.../""::'! J.. .c...t'" . 

'~~if J)} j;.;..\.. 1 <.S~:' JI;.. 

~~($" w~ L.I ~ '{Yo} <; Bn St.. ,4;:; ~ ~. ~ cJ.:.:.;~ Bn~. f JI:..o 
W • ~~ ,y,' . I o..\.lbL.:... I .~I < I •••• ~ Bn ".1>. y: .6 .. ",......... ~ -Y tJ.. L$ -'.I. c..r"7. '-'r' J <f-,Y -Y.T r.d' 

·~~($"j;.;J:.1 9 : B n ~ {v} ~~ ~~J (f(y) = y ~L..;,~) J : {v} ~ B n 

F(x, t) = tx+(' -t)y~L..;,~F: B n xC ~ Bn~~JlgJ = IluJ.r"'0:'.IJ~ 

.~I IBn j Jg v.:: <f-,jyY" ~ 

.~I15j)~ ~G ~b <f-,jyY" f:i ~ ~1 Y.f ~ 

..5..:. Y J X rs'($" ~; . .J,;,r($" ~ ~~ jI J:.L ": 0JLA:; J u-:tj~ <.S~):.J .w~\ 
,J : X ~ Y L~. <.S~l5:.; .J.:....::,~ ..;;..:;,I~ (5,.jyY" ti ~. ~ Z j Y J '<.,Svj-yY" ti 
~ IIg\ J g\f\ ,fg ,gJ .6 .J,;~~-y 04: g\ : Z ~ Y J 11 : Y ~ Z ,g : Y Y 

1 .1J..'j .J.:....::,L ..s.,.. .. ~L:...·w I." ,.tS:.; 
<.S~ . . .. ,Y-YY". <s' <.S'V'""'" 



~I g ~ ~Y.rY' g(gl!l) .D.f J f.f t5~~ ~~J ..I:I~~ gr J fr . '.f ~ ~~ 

) gf ~ ~Y.rY' grfr = g((gl!l)f) ~l5-; 1.iJ .~I <Jw, ~ ~YYY' gl!l !t.) 
.w, L ~ .. f g 6 e ~ .... L.:... - I.... - 1 .w, L ~ .. ~.) r$ . ..vY.rY' r r f'7.~<..>" ... • lY..r.·<....A.w r$ . ..,.yyY' ... .J 

.J.....,.J<..>" .::...t;1 ~ ~ ~.J~ • ..I:.Jb cf.,Y.rY' ti ~ Z J x u:.!r.~ .~I I: Z ----+ Z 

~f.~J.)~ .r 
r : X ----+ A.x.;L. ~~.~l5-; .l5'.r'" J.:..Al;<..>" X ~J.0jJ~1 A ~ X ~~"'y..) \.f ~~ 

.~I ~~ ~l5-; i : A ----+ X ~l5-; .) .J') eS .ri = IA 6 ~~ .)Y:".r .:,4 
.J.:..Al;<..>" \SJ'.0jJ~ 1 r ~l5-; .rCa) = a.a E A.r'" t5bl~ ~~.J.) 

.x.;L. t5J.':'j).) ~ .• l5'.r'" J.:..Al;<..>" X ~.~j;~ ~J.0jJ~ 1 A ~ X ~~.x.) ". f ~~ 

6 ~~ .)Y:"Y .:,4 r : X ----+ A 

ir c:::: Ix 

_ t 1<". . /. " ~ 
.~I ~~ ~~ z: A ----+ X ~K; .:,I.J') <U 

F: X x C ----+ X .x.;L. r.Y-,YYY' ~ .(5.r'" ~I X ~.)J.) .)J.':'j).) A~ . .) .::....J~ ~ 

.F(x, \) E A) F(x, 0) = x.x E A.r'" t5bl~ 6 ~~ .)Y:"Y .:,4 

r : X ----+ A t5J.':'j)~ .l5'.r'" J.:..Al; \S~ ~.~j;~ ~J.0jJ~ 1 A ~ X ~~.x.) "'. f ~~ 

eS ~~ .)Y:"Y .:,4 
i r c:::: Ix ( reI A) . 

.x.;L. r.Y-,YYY'~ . • l5'.r'" J.:..Al; X \S~ ~.~j;~ ~J.0jJ~ 1 A ~ X ~~J.'.) f.f ~~ 

.r'" t5bl~ J .F(x, 0) = x .x E X .r'" t5bl~ 6 ~~ .)Y:".r .:,4 F : X x C ----+ X 

.F(x, \) E A .x E X.r'" t5bl~) .F(a, t) = a.t E C J F(a) E A 



..J" . ..:........1 X ~y.~)j)~ X ,uJ-"",,u.IJ~ . ..>...:,~ .lyJ~ ~~ X r.s-Cf" <.?) ~.f Jb..o 
. .:;..,....,1 X ~.J'.'-'j)~:r.; Xo E X 

rex) = x/llxll:J.;$ crJ.J'.1.x.J ~({; . .:;..,....,llRn ~y.'-'j)~ Bn..l>~ <.>}'o.f Jb..o 
·llxll < \ c?J rex) = x J Ilxll 2: \ c?J 

• .:;..,....,1 ~n+\ - 0 <.>~ ~~J~ ~.J'.~)j)~ sn 'tf Jb..o 
~L.:, ~ 1 F : (~n+\ - 0) xC -+ ~n+\ - 0 ~l.{; 

( ) ( ) tx n+ \ F x, t = \ - t x + M x E ~ - 0, t E C 

.X = y - {(\", 0), (-\", o)} J Y = C\ UCr ~YCf"-' 

0'~l.{; . .:;..,....,) X 0''; ~:>J:> :>.J'.(;J.J:> Xo = (0,0) ~ oS ~:>Cf" (;L..:.; 

o..)..Jl>~ <.>1; .ri = I ''::''J..r"''u.IJ~ '~~~J~ 1 r: X -+ {xo} -' i: {xo} -+ X 

~L.:, ~ 1 F: X X C -+ X ~y'yY' ,ir ~ I(rel{x o }) ~I 

F 
((\-t)x 

(x t) - ."..,.--,------'--'-,----:-7-,---,----:-::-, -11(\ -t)X\ +(_\)k,(\ -t)xdll 

..J" LSbl~ 1:.J ,~ ~l:.::...~ F(x, t) '~Cf" ~~ ,k = \, r ,x E Ck (;T J~ .5 

,;;;.... Y.:'., F ~ ~ J ~ (; lyCf" . ( (' - t)x \ + ( - , ) k, (\ - t)x r) =1= (0, 0 ) ,x E X 

'u.1 y. bJ';k. . ..:........1 

·F(x, \) = Xo F(x, 0) = x 



tY...rJ 
IIaEA1a ~ .J.::.A~ ) .. ::..; .~~ J.>~ lSlAbj~ ) lSldjl> {laiC\: E A} J;$ ~; ., 

.~I.x~~~1 

~~ ..s.. L.s.., .. ,,",, I 'w ~~ <'I..hi; <'I ~I i. . w.;1 X J.J;~ . L:.; • ~ ... -vYYr X I...$' ..r)Y'.x .U'" . «u 

.~~~~ 

.~I ~ Y J.J;~'L:.; .~L (Y L·r ....... v" ~L ~ X J.:S . ·.f . .. u . L>'~ . u rs!,Y Y J" rJ') .. «U'" ~ 

~y';';j)~ A.s.J.::.A~ ;,;L:.; .~~ B ~y';';j)~ A) X ~y';';j)~ B) A ~ B ~ X J;$~; . f 

.~IX 

.~I b~~ lw,Y~ A.J.::.A~ ;,;L:.; .~~ X ~y';';j)~ A) b~~ lw,y X J;$~; .~ 
.c.,...,1 ~ lSlD..c~ ... J:!j w.J)..4v)lA lS~ ~ ~y';';j)~..I" .J.::.A~ ;,;L:.; .~ 

.~ C ~y';';j)~ {o} U {q .J.::.A~ ;,;L:.; .V 

.x~if~1 sn- \ )'1 ..hi; -,)'1 ~)~ ~ Y;) sn- \ "! Bn ) (.$.J'.;';j)~ ~ . .J.::.A~ ;,;L:.; .A 

..:.....~ ~~..s.. . « .'""..s.. F: sn-\ xC -+ sn-\ J.:S ',~: ~\) .~L . « ~ rs!,Y Y r « « U"'..r (,$.:J • 

. 1 ,(x t) -+ tx a",L:, L sn-\ xC -+ En ~~ ·1 .~L·w ~~ U!.), .. .J~.I...$') 

.(J;$ b~l.Q::....,1 (c.,...,~ ~ ~. F(sn- \ X {o}) ~ 6.:, 



..):1 t dt " .. 

~JW ., 
X lSLa.; J::' .r::--" .~~ [0, \ 1 ..I.>~ Oj~ ~l; C J ~.J,Jxj lSLa.; X ~cf' ~.; 

1·· .. 1 Lx .. 1 j,LQ.; ~ "", 1 f(\) f(o) j,LQ.; .~I f: C -+ X .x..;L..c...... ... l.S'-; <...¢"t"')<...¢. . .. '..J".v. .) ~(J""'" 

.f([o 'l) ~ l.S'-; .,; ~I f ~l.S'-; , .6 ~b """ .. .lJL . ..\.:...oli , 'J ~ . .Y '" cf' .r.:---" 

~l.S'-; €,v ~t ~\S.; ,~~ X jI ~t X }I 

.~I dEC /> lSbl~ ex(t) X ~L;, ~ 

. .x...l.; cf' \iJ".r::--" 1 E: a; .r.-" 

f(t) = f(' - t) 0 S: t S: \ 



l..wl db; . T c l..wl ~ - I~. ...s., I ····1 db; liJ ~ <$... j u <.r~ ~ c$... .r. ~ ~ .. <$..'T" 

<.>..I.>~ ~~ ,1,) <.r~ o.Jl{; j ] o.Jl{; .G....,I wT <.r~ ~ <$..~I db;.r. ~ 

.~y::,c.5' ~l.:.. ~ uJl.;.... ~ j~.J~ o.Jl{; j~ u.1 L..I ,~ X j,lA;) 

db; -I.] 1····Idb; . ](\)-g(o) J.:....:.~ ~g ] ... \ .' .r. ~ c$..'T" ~. ' - j . ~ j j r::-c.5' t...r' ~ 

..::....J~"-! ,J:.b>~c.5't.Ao.L..; f * g ~ 61 g j f y ~\..,.. ~ '''::''')~0:'.I)~ .~~ g c$..1~1 

(J * g)(t) = ](rt) 

(J*g)(t) =g(rt- \) 

\ 
o < t <-- - r 
\ 
- < t < \ \" - -

.x.:.S .... 
c.5' ~/-'..t...J 

wlic.5' 1 ] * g ,C:"L:; "-! . ..:...,...,1 ~ ] * g lit j ..:...,...,1 .c.....,~ ] * g tl:; ,1".1" r..l "-!~ 

,u~)l. u.1 w~ ~ ~~ ~ '~)').;.J~ ,..:...,...,1 oJ...T g ~ wT JL;.;~ "-! 6 f ~ u.J~"-! 
. ~\ . L. 1 . I. t '1" 'r::- u ... !)..t...J <.>~ r-' ~c.5' 

]*g: [0, \] -+ X tl:; o l{;T.] ( \) = g( 0) 6c.5.Jj,,,-! J.:....:.~ X.J~~j~ gj f)'1 ~.~ ~ 

~~~ 

{ 

f(rt) 
(J * g)(t) = 

g(\"t- \) 

\ 
o < t < -- - r 
~ < t < \ \" - -

. ..:...,...,1 X.J~ <.>~ 

"-! a) X.J~ <.>~ ,a, bE X y. <.>Ul,,-! ol5'y. J,;..l; ~o15~ 1 X <.>~ \.~ ~r:; 

.~~ ~b ~Y:') b 

. ..:...,...,1 JL ...... 5'L .. ~,~ ~~. '~15-.-4 <,w<.,. . 1 L:... .. . v~ J' ~ . .J . .J.. .J ~cr. . 

f: [0, \]-+ lRn ~l{; ol{;T ,a, b E lRn )'I·~A).;.J~ J y>-M <.>;) y,y ~ 1lRn ~.~ J~ 

~~~ 

] ( t) = bt + a (\ - t) 



~~ 9 : X -r Y ) '~($~ X • .J.:...:i~ ~;ixy <$l",L:.; Y ., X )'1 ,.~ ~ 

• ..::....../ ~($~ Y .K:T ,J..:,~ L.:,Y.., tG.....u~ 

g(a') = a oS ..i,;')y.,. w~ a', b' EX J,li; ';:"'J-",""u..IJ~ ,a, bEY ~(f"~; .w\.;;1 

~r ~~ .,)),) ;:'y) f J.:.il.. b' ~ a') ($~ • ..::....../ ~($~ X WY': .g(b' ) b., 

Y oS ,a;:'(f" wI...:.; ~~ 0.'.1 ;:'y., .~.~ ,).; J;:' • ..::....../ b ~ a jI ($~ c.rl".,~ oS·1 gf 

. ..::......I~($~ 

Y )'1 ...b.o "' )'1 ..::......1 ~($~ X .K:T .~~ ~;~ Y "' X )'1 ,.~ f) 
.J..:,~ ~($~ 

. ..::......1 ~($~ ffin ~ ~~ .. d.J"'b oS ~(f" o,al;... ($~ ~J;:' 

($I~~.l.j F ~(f"~; ~.p E E JJ,..;j~ ($I~~ ~ E ~(f"~; .w\.;;1 

J;:' ~ .,).} J....o., p ~ E J') ($~ ~ wlf.! 1 ~ . .J"'b oS J..:,~ E jI ~li; (L.; jI ~ E) 

., ~ ~ F ,6 ~,)(f" wI...:.; . .;......,1 ~l; F oS ~(f" • .l.l;l;... .cp r;% ~ ~)'.).; 

. ..::......Ij~ ~ 

w~ cr € • ..::......1 j~ E WY': .q E F ~ E ~(f" ~; .F w,)y, j~ .;:...~I ($1: 

,6 ..::......1 ;:'y:.,. 

qED = {x : {x : Ilq - xII < €} ~ E. 

~ \.D tjjl . .;......,1 ~($~ (r.D Jl. ~l:.:)]Rn J.;......,I ~;~]Rn ~ D WY': 

.j.} J....o., q ~ D J') ($~ ~ w!i(f" 1 D llu;.J"'b ~ ,.;......,/ ~($~ D ,6 ~~(f" 

)~ F ~ J;:' .q E D ~ F Ill., ,).} J-..» p ~ E J::' ($~ ~ W1y(f" 1 ..b.:i;.J"'b u.1:l:.: 

. ..::......1 



J)1.x:....1 ~L... J)1.x:....1 ~ .::..J J...>J p ~ E J::' c.S~ ~ uli<.r' 1 ~T tJ5 G..wl E)I ~[jj 

.G..wl ~ F UJ J G..wl j~ G tJ5 ~~IS" ~ '0} 

Jj~ ~.s G..wl E)I ~t L>1~~J.j F J c-I ~ E tJ5 r.51S"~)I... u.lr.~ 

.J,.,.,JIS" 0~1 ~ ~ u.lr.~ .G..wl ~L>~ E ~ J::' J E = F IjJ .G..wl ~ ~ 

if:» .q E Yi J P E Yk 'L>ll J k L>bl~ 0 J.Y'""u. I J::' ,p, q E Y r.51S" if:» .0~\ 

f J;.;L. r ~ p )I L>~ ,p, r E Yk J G..wl ~L>~ Yk UY'; .r E n YA r.51S" 
AEA 

~L;, ~ 1 h = f * 9 ~L{; .G..wl ::'Y.'Y 9 J;.;L. q ~ r )I L>~ ~ .::.)::. ::'Y.'J 

{ 

f(rt) 
h(t) = 

g(rt-') 

, 
o < t < -- - r , 
- < t < , r - -

.G..wl ~L>~ ffi.n+ \ - { 0 } .L{;T ,n 2 '}I Y.~ ti 

)~ J ~t V J U ,) J::' tJ5 X = U U V J ~~ ~L>~ X r.5<f' if:» .u~\ 

f: [0, 'l ~ X J;.;L. L>~ ~[;IS" ,V)I c.S~.::'J U)I ~ ...1u;J::.);:>1 ~.~ 

G..wl ~ f([o, 'D ,G..wl ~ [0, 'l UY'; ·f(') E V J f(o) E u.s ~~ u41 
.s ~~IS" ~ ~.I)I .~~ ~ J;.;[;<.r' V n f([o, 'D J Un f([o, 'D ~ J::' J 

.J,.,.,JIS" 0~1 ~ ~ u.lr.~ .G..wl ~ X IjJ .~~ ~ J;.;lj<.r' V J U 



.r.:--" r A 

WJY""'~ .0 ~~ lRr ) ($.~Y..) X\ ~<f' u-'=» f.D JI!...I 

X \ { (x, Y) E lR r : tC > 0, Y sin ~ } 

.~I ~t.5~ X \ wJY""'u. 1 J::' .~I .~ ~~ 

WJY""'~.0 ~~ lRY)I t$.~..x.) XI' ~<f' ~)D.D JI!...I 

Xr {(x,y) ElR":x ", \:S;y:S;\} 

.~I ~t.5~ X" wJY""'0:'.I J;:; .~I.~ ~~ 

X\ U X" <.S~ ~ ,~I ~ X\) ,XI U X" X \ WY:' .0 ~I ,,->:j w~.~] 

*[.~ ~t.5~ ~ 0:'.1 L.I ,~I ~ 

B [0, \ 1 U { (;) + iy: n E N, 0 5. y 5. \} . 

) 

~t.5~ L.I ~I ~ X ~;:;<f' wL:.;·X it U B ~<f' u-'=» 

~<f' ~) .n E N t.5tl~ 

Bn [O,\]U{(;)+iY : o5.Y:S;\}. 

B U Bn ;'u:;~ •. d'~ (.jl....i. ~~ ~j~J ~I ~t.5~ En ,r.D ~~ 
nEN 

.~I ~ B ,'f.D ~ ~~ '0:'.li.~ .~I ~t.5~ 

}I.it ~ U ~ u-'=» ~[;;<f' .~~ X) £.....: Jj~ t.51A.l:~..x.j U ~<f' u-'=» 

j~ U J i E U UY:' 'r:'~<f'~j::' ,~I it J.~J £.....:Jj~.51 u ~ ,~~ ~ 
.5 ~I ::'r.Y'.:.,4- r > 0 ::....I.c ,~I 

{x:li xl<r}nx~u. 

JG-. .UnB f. 4> Iii J' \/n+i E U .5 ~I ;:;Y:"Y' w4- n E N::....I.c.0 ~I ~b 

.~_.':-"I r.-;"') ...;),? j.;-I~ ~ ) -,-,I • ..l.! ~ * 



UnB = B lil ,..:;.......,1 B jI ~)j~) u+t; t.S1<U:~J.j UnB) ~ B.s ~ 4:;-j 

~ X ~ J~ ) X = U lil ,x = A u B ) A ~ U ~ .B ~ U ~ J~ ) 

.(B ~ X ~ B r:'.J)T~ ..:;.......,~~ '~J~) ..:;.......,1 

X ~ I.··· .~< ..::...t, I,· . .).; ..::........... ~ X ~ . L.; Jl.:.. J <..S~ 'T'"' rif . ')~u...' .. . <..S~ ~ if U 

.~I ((';X~) ~[; ~ ,..:;.......,1 i .) ($.l.x:.~1 ~ .s 
::;')'~ j-\(i).s J.;S ",,;y .~~ i ($.I~I ~ ~ X J~ <..S~ j ~if u-") 

0J~~ .s ~~ X )j~ <..S1<U:~J.j G r-sif u-") .0 E j-'(i) /..;,j ~I u+l; 

.s ~)~ ~Y:) LJ~ ~ c ,j ~~ ~~ ~i5-;T.to E j-\(i)}1 . ..:;.......,1 b~ ~r:; 

~~ .:,L.; ~~if .j(t) E G ,It - to I < c Jj:.) ~ t.;A <..S11~ 

($.I.",bj~ tl::.::-I G n B .j(t\) E B) It, - to I < c r-sif u-") 'Jj,;..u..~ 

/..;,j ~Ij~ bj~ u.1.~1 ~ ~)j~ ~ G J~ ,~~ j(t,) J..~.s <..Slbj~) ,~)r.... 

0J~~ bj~ u..1 .n E N ~ <..S11~ /..;,j ~I ~ ) ,~I j~ G 

{ (~) + iy : 0 ~ y S \} n G. 

lil 'r:'.lb~J ~l;:; ~ ,..:;.......,1 ~ j((to -c,t o +c) n [0, \]) .s~T) u.!r.~ . ..:;.......,1 

(to - c, to + c) n [0, \] ~ j-'(i) 

.s JA~if ~ [0, \] <..S~ u..!r.~ . ..:;.......,1 j~ j- \ (i) .s JA~if LJL.; ~.;:.; u..1 ) 

~Y:) B ~ X) <..SI~) i E X ~ <..S~ IjJ .j([o, \]) = i~. ,j-'(i) = [0, \] 

.~ ~<..S~ X u.!r.~ .~)J,; 

j)~ '->"~~ .f 

. ,~l," I.· j, . T 1····1 I..x: ... 1 l,l:i; bl5'.~ Lot; c:......., 1 j r.~ ~ .Li ~ '~I·~U ($.'T'"')($.. :.;- .r; ~ .. JO 

.j(o)=j(\) 



·.:..-1 ~ f * 1 .r.-" V.C Jl!.4 

. .:..-1 ~ 1 * f .r.-" A.c Jl!.4 

4c~ ~ ~ g) f oLS'..;A .l.:.A~ (~YY'Y" ~) j)r- 1 X)~ g) f <.SlA.r.-" 'r.C ~~ 

1 g) f (.$j)~ . .x..:,~ ~YYY' A = {o, '} 4c~ ~ ~ ~ ,') 0 ) ~ 

'~~(S'" wL:.; f rv 9 ~ Li..)L..; )j,~ 

g(\)'f(o) g( o) "L ~b ..l.oL .:.J6. . 1 ~ ~. ... u.) 

F(u, 0) = feu) 

F(u, ') = g(u) 

F(o,v) f(o) =g(o) 

F(\,v) = fn) = g(\). 

~...s..., .. ..b. {a '} 4c t\; ~ ,.x..:,L...s..., .. .....", lA blS'..b."s· . I l:., . ..v,)'Yr' ~.. . ...,)'Yr '..,r::-" :..r ~(S'" U:!~ • 

(.$J)~ 0.)) • .:..-1 (.$J)~ ~1 S:. "" ~1 r.i ~ ~ A:>;:y ~ .6 ('t."::'(S'"';:x.... 

'~.)(S'" ~L...; [f] ~ 1 f .r.-" 

·fr f'.,; gr j f, rv g, "s .x..:,~ L¢lA.r.-" u~ gr ) g, 'h ,f, '~(S'" ~) c.c ~ 
) .:..-1 .)y:y g, * gr oL{;T ,J....::,~ ~y:Y iI * fr }I 

,h rv gr) f, '" g, WY; ~ ·fI(\) = h(o) . .:..-1 .)Y':'Y f, *fr uy; .\::.i~\ 

. .:..-1 ~Y."Y g, * gy ~ g,(\) = gy( 0) jjj ·h( 0) = gy( 0) iI(\) = g,(\) ('t.)b 

.6 .:..-1 .)y:y 0~ F : C X C ---r X .x.;L. .c.....~ ~~ ·iI "" g, uY; 

F(u, 0) fI(u), F(u, ') g,(u) 

F(o,v) = f,(o) = g,(o ),F(\,v) = fI(\) = g,(\). 



eS ~I ~ . ~ G : C x C -+ X .x.:L. ~ .. ,. K; 'f '" g' .' :Y':' yo u • ~ Cf'"" r r uJ'!' ~ 

G(u, 0) = Jr(U), G(U, \) = gr(U) 

G( 0, V) = Jr (0) = gr (0 ), G( \, V) = Jr (\) = gr (\) . 

A1:L:o ~ 1 H : C X C -+ x ~K; 

H(u,v) = F(ru,v) 

H(u,v) = G(ru- \,v) 

H(u,o)=h(ru) 

H(u, 0) = Jr(ru - ') 

H(u, ') = gr(ru - ~) 

\ 
o<u<- - r 

\ 
-<u<\. r - -

\ 
o<u<-- - r 
\ 
-<u<\ r - -

\ 
o<u<-- - r 
\ 
-<u<\ r - -

H(o,v) =F(o,v) = f,(o) =g,(o) 

H(\,v) = G(\,v) = Jr(\) = gr(\)· 

F(u, 0) = f(u), F(u, ') = g(u) 

F( 0, v) = f( 0) = g( 0) 

F(\,v) = f(\) = g(\). 

J 



'~if ~~ G(u,v) F(\ -u,v) ~lb ~ 1 G : C X C -+ x c...;l,{; 

.xSif JJ......;, .J!.j ~lv J') ) ..::.......1 .c...., ~ G uJ.".....,u.1 J') 

G(u, 0) '"'" ](\ - u), G(u, \) = g(\ - u) 

G(o,v) F(\,v) jn) g(\) 

G(\,v) =F(o,v) ](0) g(o) 

,] '" 9 .l,{;T .J "'" 9 ) J.:...::,~ ..r.:--" g) j }I v.~ ~ 

·ruA,S'".; 1 v~1 

.l,{;T ,~~ .)Y';Y' j * 9 cS J...:;~ U"':'Y...r.:--" z.,4 9 ) .[,.?J~ (.$J~ j }I A.~ ~ 

.f*9"'j 

.g(u) = f( \) rub u E C /' (.$bl~ ,.;........,1 :>Y';Y' f * g).;........,1 ~ (.$~ 9 ZJ~ .w\;\ 

~w, ~ 1 F : C x C X }I 

F(U,V)=j(\~V) 

F(u,v) j(\) 

F(u, 0) j(r1J,) 

F(u, 0) = ](\) 

\+v o<u<-- - r 

is .~< b...lJ>L., cl,{;T ,.'<.....;., .. r::-if r::- .. ..:"-' 

\ 
o < 'U < - - r 
\ 
-<u<\ r - -

F(o,v) = j(o),F(\,v) = j(\) 

.j * 9 '" ] UJ . ..::.......1 .c....,~ F ) 



.L{;T ,~~ ~y.Y' 1* 9 AS ~~ u-"'I;.J~ ~ j~ 9 J ex c>~ I }I Q,.~ ~ 

.1 * 9 tv 9 

.~I ~ ~ .::..L;I ~ ,,!L... .::..L;I 
" 1 I" .•. " . ,. ..sv 1 

. ............, J~f.f..J ~ ,~~ .. C>!f. 

ex * I rv I .L{;T ,~~ Y ) ($!.l.f.;1 ~ J X ) ($!.I~I ~ AS ~~ C>~ I }I ,o.~ ~ 

·1 * ey rv I J 

{

X 
F(u,v) = 

I(ru - \ + v)/(\ + v) 

o~u~(\-v)/r 

(\-v)/r~u~\ 

~L.J "! jySl .F( u, \) = I (u) J F( u, 0) = ex * I ''::''J~u..1 J~ .r-sU-- ~.~ . 

.::..L;I "! ~ ,L;.>.;' ~I "! .~I {o, \} Ac~ "! ~ c.$YY'y" F oS ~b jL.; jlyU-

.J....,;Ju-

.f I"V ?J }I Jw J}I I tv 9 oL{;T ,J.:...:;~ ~ J~ 9 J I }I ,V.D J r.D LS~W f.~ 

• .)JJ,~u-- jL:.; 1 Y J I c>i+.~[;.. J:x.J c>~ ~ 

• .x::......A 

~L:, ~ 1 F : C x C --+ X ~L{; .u~\ 

{

I (r u( \ - v)) ° ~ u ~ ~ 
F(u,v) = \ 

I(r(\ - u)(\ - v)) r ~ u ~ \ 

,oJ;)..;:."! .~I .c....,~ F oS ~I ~~ .r-su-- ~~ 

\ 
F(u, 0) = I(ru) 0 ~ u ~ r 
F(u,o)=fcr- ru) 

F(u,\)=/(o) 

\ -<u<\ r- -

F(o,v) = 1(0) = F(\,v). 



·~f ~jyy. ,~f 1( 0) ~f • .JlS'-; 6 c.r.-.x ~ ~ 1 * 7 6 r:'.~l.>" ~ ~f jl 
.:I ,. ~ ~ tI..>t ••• .l.>L.:.. • t-.l.> L. -1 * 1 '.:1 ..s.... .. . rl.>" f .'"="'. 0!.r. ex <.5~ . <.J 'Y. ..• yyy. 

'~.J",rl.>" ~)"! 1lS~ ~ '<f..l..f.;f", <f..f~f .11.i; (.))..$ ~...::.... ~ 

.~L. y·r I····f ~ x·r f.x;.,f ~ oS ~L. 1 _.:< .' ,~.~ ~ 
o <.J <.%~ "' <.J <f.. 0 0 <.5~ Fl.>" U'" ~ • 

.f * 1 '" ey", 1 * 7 '" ex 'U.JJ"""'u..f.J) 

(f * g) * h .lS'-;T ,~~ )f':y 9 * h", 1 * g", ~~ ~ ....., h", g", 1 }f ''''o~ ~ 

"' ..),;) f': y 1 * (g * h) "' 

(f * g) * h '" 1 * (g * h) 0 

F(u,v) =1 (\ ~v) 

u.JJ"""'''! 1 F : C X C -> x ~lS'-; ow\;;\ 

\+v o<u<--

F(u,v) = g(fu - , - v) 

F(u, 0) = 1(fu) 

F( u, 0) = g(fu - \) 

F(u,o)=h(ru- ') 

F(u, \) = 1(ru) 

F(u, \) = g(fu - n 
F(u, ') = h(fu - r) 

- - f 

'+v r+v --<u<-f - - f 

r+v 
--<u<' f - -

° ~u~ 'If 

'/f~u~'/r 

\/r ~ u ~ \ 

o ~u~ \/r 

,/r ~ u ~ r If 

r/f~uS:' 

0.JJ"""'Lt.1.J) .(3 = 1 * (g * h) "' a = (f * g) * h ~l.>" if'; 

of(u, \) = (3(u) "' F(u, 0) = a(u) 



J 

F(\,v)=h(\) 1'(\) . 

. ~~ ~ r..5.r.:-" J :'r,:r j * g r$ ~~ ~[",.r.:-" ,j4 g J j ~(.S'" if) 't.~ ~ 

.j "" g }1.1.i; J}I-=..-,I t;X r..5.r.:-" ~ ~iY'yA j *g ''':'J~u.,IJ:' 

('t):' ~ ,-=..-,I ~ j * g ,jy>; .j(\) g(\) r$ .a:'(.S'" ~ f * g :'r,J . .::..,\;;1 

.f(o) g(o) 

(f *g) * g ,~.D J A.D ,D.D r..5~~ ~~ o~T ,~~ ~ r..5.r.:-" ~ ~j:ryA f *g}1 

f * (g*g).r.:-" ~ ~j:ryA (f *g) *g, \r.0 ~ ~~ ~ .~I g ~ ~j:ryA 

.j "-' g JjJ .~I f ~ ~j:ryA \ \.0 J ~.O ,A.O r..5~~ "-!l:.:.r.:-" u.,1 r$ ~I 

~i:ry. g * g, \ \.0 ~ "-!~ J ,j * g rv g * g ,D.D ~ ~l:.; ~[.{;T 'f ('.., g}1 

. I Ls.., .. j*~g·Il:.,· 1 L . "'--" G:.-x r..5.r.--". "vY Y' yA u.!.>! . . c........w t;X r..5.r.--" . 

rY...rJ 
J A = {(x,y) : x = 0,_\ ::; y ::; \} ,IRI J:' ~ if.r-i .\ 

~ F = AU B ~~..l.:,-A>:',jL.!..;.B {(x,y): 0 < x:::; \,y COS7l-jx} 

.~ ~r..5.r.--" J J -=..-,1 

J A {(::r,y): 0 ::; x ::; \,y = x/n,n E N} ,]Rr J::' ~ d-'~ .r 
~I ~ F AuB ..l.:,-A>:. z.,L.!..;.B = {(x,y): ,/r::; x::; \,y = o} 

.. ,~ J .~ . r..5.r.--" J 

{Ax: A E A} J ~4 ~r..5.r.--" r..51AJ;~.!:u A c X ~~.x.) J,;S d-') .'t 

.~ ~ A ~ ~T)I ~.~ ..s~1 r$ ~~ X ~r..5.r.--" 15[",AJ;~.x.j) r..51~b} 



,X,V EX ..111; <.Sbl~ 4S <.S.).,b~..l:i~ X ..111; ~~ c.5J.J c.51~1 ("V ~ if).f 

.;T ($..4;:;1) <..%I~I ..1l.i; y.;;;~ y) x 4S ..l:i~ ;)r.Y' .;4 X .);) c.5~ .l5'..r'" x rv y 

.G....."I ,r' 1..Jb:l..b1 rv 0 c....t .~~ 
I..".J.J " .V .. • • 

) g( 0) = 0 ) ..l:i~ ~J::t ~~ 9 : C -7 C) ..l:i~ X .):J c.5~ 1 ~ if) .~ 
·f "" f 9 ~:J .;L::.; .g(\) = \ 

.f '" Ig~:J';L::.; ,g(\) 0 )g(o) = \)'1 

.Cf(') * 11"-11 * CfC\) ~ ~t ,..l:i~~ 1 ),I.r 
--< I" /. ·f * 9 rv ex)'1 ~)}I f rv 9 ~ ~~ .~~ y ~ x)l <..%i.A. ~ 9 J f ~ if) . V 

..::....J"....,~ 1 fr) h c.5i.A.~ . ..l:i~.;::-""" 1 ) 0 U o ::; 71,\ ::; ur = \ ~ if) ./\ 



o f~ I~.·.·:.' 'J.r .. ~~ 
61 tSl~ tSu,~ ~ki ~~ .Xo E X J ..\...:i~ ..s:;)xi <.$.~ x r.5if' ~; 
(tSl<I:.~ A1..:i.; ~) ~\ >~ 1 x 0 .~.~IS" P J;) ,..J:,y:,1S" r> x 0 ~ J Qr x 0 ~ ..s: yA 

«X o >~\ \ "iSjo» ~ «X o ~~ ~~» .15 1 <.$.u,~ ~ J .x...l;1S" u,~ u.1 ~ki 

O;)J .[(;T ,..\...:i~ Xo ~~ ~ tS~ 1 }I.[~}IS" «~~Xo» .lS' «X o ~~ ~» tS~ ,,:j.x...l;1S" 

is.YyY. "0::') 1 z.,T J J:J>::.IS" ~L..; [1] ~ ,~~ ~jy.Y' 1 ~ rS 1 <I:.~Xo t.Sl,p,~ ~ki 

7r\ (X, X 0 ) ~ 1 <I:.~x 0 tSu, ~ rs!,jYr tSU,O;)J u.1 ~ki ~b} . .x...l;1S" ~\x 0 <su. r.---" 

. J.:J,;) IS" ~ l.; 

[J][g] = [J * g] 



)'1 Ld .~I [g] J [J] LSlAo~.J (f,L;..::.;1 LSlAo~.L;]I ~ yrb ~.~ .r.s(f' ~.~ 

.[I\][g\] [I\*g\] [f*g] UJJf*g "'" I\*g\ ,6.6~~~oL{;Lg ~ guf "" 1\ 
~. ." [g] [f] 4L.., "" ~..9"" . 1_"" [f] [q] '_1 -L,... ~ ':J""'(f' ~ J .. '). LS:..r .~.JY . . y~ , ... .J~ 

.,.I,;)}J. oJ)' JY"""I rl..:i 6 ~~(f' 0l.;.; JL,... 

.~I ~~Xo LSlA..r.-"")I cfv;Y'~ ~~.J ~ [J][g] oS ~I ~~ ~~ ~~ (uJl) 

r:)~ (y) 

([f][g])[h] = [f * g][h] = [(f * g) * h] 

[J]([g][h]) = [1][g * h] = [1 * (g * h)] . 
J 

. ~IJ..i;..::.Sr yrb J..c IjJ .(f * g) * h (V f * (g * h) ,\i.6 ~ ~~ 

,..:....JY"""U!.I.J~ .~~ exo ~ '~.~Xo [)!,~ cfv;Y'~ b~.J~.L; [I] r.s(f' ~; Cd 
,'\.6 J A.6 LS~~ ~~ 

[J][I] [J] [I][f]· 

.~I (~w ~J ~. ~ [I]ljJ 

,\\.0 ~ ":~ (~) 

[.f] [1] = [.f * = [I] . 

. ~)~ V" ~ ~. ~ yo ~.J~ 

.J....,.J(f' 0~1 ~ ~~; 0:'.1 A: .~I 0J}71"\(X,x o ) 0:'.!I.~ 

. .>:...l;(f' ;r o ": ~ X <..p~. 0);' 171"\(X,x o ) \.f ~~ 

·('u} ~~": Xo.J~ 1 ~ ~Y' ~r ~I;(f' 1l'\(X,x o ))::..;.LjI o~lA::....,1 ~ 

~.Jb 1 [I] ~w ~ .1:w r$ r...sAJ)' ~ ,~~ ~.~ oJ)' 71"\ (X, xo))'1 ,JL:... 0~~ 

,J!:... ,:"ii-"A: 'I .. P~.Jjo"l 0:'./.' ~I I ~ ~;Y'~ "'~Xo..r.-""~ oL{;T ,(I oS) 

,.,\j~ Xo A: ~.~Xo ..r.:--" ~ ,->";":' J..~ -' ~l;D.;I) tL. r$ ~lA«o»» r$ ~~ 0:'~ 

.,.I,;).,\j ~Y:-' 

~ ~w ~Y:J ,~~ ci)' )5,,: .Iy .. b ~ ,~~ ~. LS~~)'I ":i~ ~Lb....J~ 

.~~ ~~ J.19 .)~ .Jjl. y~ ~I ~ ~ J ~ .u.[,;. ~IY' ~ 



,~~ ~b ;)Y':'J X J;) XI <I.: Xo ) r..s~}1 .Xo, XI E X r.s-<$" ~ j Y.r ~ 

.~ ~~ 1f1(X,XI) J 1f1(X,Xo) r..s~J)' ~lS,;T 

~lS,; '';:''J..r--''u.IJ~ .~~ XI <I.: xo) r..s~ h J Xo ~~ ~ r..s~ f r.s<$" ~j . .:...~\ 

c$YYY' r..s~~;)J ~ ~.;;; <I> r.s-<$" ~j .~I XI ~A ~ r..s~ 9 = eli * J) * h 

;)~<$" u.:..;t; J!.) ';:"J,"""<I.: .s J...:;~ ~~XI r..s~~ c$YYY' r..s~~)J J ,,=,.~Xo r..s~~ 

<I>[j] = [g] . 

Jj,<I.:.x; [j] ,~~ ';)~<$" ~ [j] ~J<I.: r..s;)j<l.: ~ Jj,<I.: <I>[j] .s ~I L:""0 
)'1 !x.j ')~<$" ~ <I>[J] ~J<I.: r..s)j<l.: ~ 

~ ~YYY' 9 ..\:.jL, ~~XI ~ f> '~J').s.AJ. ·iI rv fr ,\ i.D j \ \.D lS~La.; AJ.~ ~lS,;T 

..\:.jL, r..s1.;)J r..sbl<l.: ~~XI r..s~~ jl <$,YYY' O)J /' 1..iJ J ~I h * ((h * g) * h) * h 

.~I <I>[j] ~ <I.: ,[j] 

~j .~I1fI(X,XI) r..sLas::1 <I.: 1f1(X,Xo) r..sLas::I)I <.s..Y"'J) ~.;;; <I> u.!r.~ 

\\.D r..s~.La.; <I.:~ '';:''JY"''''u.IJ) .~~ 1f1(X,Xo))I ~ J) [fr] J [iI] ~<$" 
,\r.D J 

<I>[fI]<I>[fr] = [(h * fI) * h][(h * fr) * h] 

= [(h * fI * h * h * fr * h] 

= [(h * fI * fr * h] 

= <I>[fI * iI] 

= <I>([fl][fr])· 

.~I .. . (<I>. I l.:., 
~..r'!. 0!.'f.. 

1f1 (X, y) J 1f1 (X, x) ,x, Y E X f> lSbl<l.: ~K;T.J...:;~ ~r..s~ <f..~ X}I \.9- r} 
.~~.~ 



,~~ ~ X }I ti-> .~ J);9f. rS- ~I '::'r .j.i.,.. 0::'Yo ~t.5.r.:--" .br}1 

'~~J);9f. ~ ~I ~ 

r')~Jl:S7f\(X,X)) 1 x t!S ~~ ~j.; ~I ~I ~ 'Li~ r; ~~ '.Y ~ 
~ «(~Jk.. J$ ~~.» ~ ~) .:-.,J ~;Tl1.;.. J[$' ~J ~J ,71'\ (X) ~.f: ..b..i; j 

j ~J ~b y t x .r.:--" ~ St.[$' <P ~.~ !x.) ~);; ::'.,i":'j 71'\ (X, y) J 7f\ (X, x) 

. 1 t\; • ..x.:S ..w .. 1 .. l.i;;.. ,,.1 ... ~ c .:-.,1 . ( . Y t\; x ·1 ~ ,~lA. ~::. v... .. J' v r$ j '-" ~..r":'. V"'''''''' ..J v 'r.-"'" . .. J 

~ 7f\ (X, xo) jI .h.r.:--")I J...oL.. ~~ ~l,;U"" 1 ':l~ J::' Jjl. t.5<P ~~ ,J.J~ 

.~::. 0L..; <Ph "':':"J>""'~ 1 ~.~ ~I t!S ~I.r+. ~15 'r::--'~ ,71'\ (X, XI) 

<.S~~ <.S~.JJ ~~ .f 
Y t\; X ·1 ~ I....\..,';·t t!S. 1 . .~L ....s." oJ .. lA.L.a.; Y X <'I f. . J :J::; t.r.. . ..7.:' ~ ~ '» U"" ...J y.J' c.f.. J.r 

~ X t.5::.~ OJ} ot.{;T .~~ ~:J::; f : X ---+ Y }I.~ Y J X t.5~~ t.5~J} 

~ t!S ":}0W ~ .~~ ~.~ f(xo) ~ ~ Y t.5~~ oJ}~ ~I ~ Xo ~ 

.::.)::. ::'.,i":'j ~j} ~J ~ ~.rJ> ~ • .).A::'(f' c.:,L..; t.5~ 

"':':"J>""'~ 1 g\, h \ : C -+ Y t.5Lf-.:,~ . .x....:;~ X 0 ~~ ~ c.f..lA..r.:--" h J 9 r.s'U"" ~.; . ..:....\.;;I 
g\ (u) = f(g(u)) .u E C /' t.5bl~ '''':':''J>"",~IJ::' '~u-" '-'¥.~ h\ = f h j g\ = f 9 

.~ f(x o ) ~~ ~ Y J ::''::''''''': c.f..lA..r.:--" h\jg\ .1j,J .h\(u) =f(h(u))j 

c5 ~J ::. . L:..o.. F : C x C ---+ X x..;~ ~ .. "t.{; ,g tV h ?J .,i":'JA (.) • :J::; c..r-' .r 

F(lL, O) g(u) 

F(u, \) h(u) 

F(e,'V) =g(o) h(e) Xo 

F(\,v) =g(\) h(\) Xo' 



·r.su-" ~~ G(u,v) = f(F(u,v)) Ak:~ ~ 1 G : ex C --+ Y t G Jl.:.. 
.J'").s:.~ .) ..::.......,1 .c......,.x-; G , \. i ~ ~~ "::".JY""'u.I.J~ . 

G(u, 0) = f(g(u)) = g\(u) 

G(u, \) = f(h(u)) = h\(u) 

G(o,v) = f(x o) 

G(\,v) = f(x o ) • 

. g '" h ;$ ~. .;,;;.; ? ~ bt.:...1 ·1 \ \ ~u-" '.J-' '.. • •. .J 

~< u.. .. ?I Jl.:.. r .. ~f 
j*[g] = [jg] (wJl) 

LS[..,,~ c$.,YY.Y' LS[..,,·~.J ~ X ~~xo LS[..".r.---" c$.,YY.Y' LS[..".~.J ) ~~ j* .K:Y 
1..iJ '~ru-" ~~ [g] ~J~ LS~;~~.J..,1~ J*[g] 'u.. I./. .J'").s:. . ..::.......,1 Y ~~f(xo) 

. .lA~u-" ~ 1 'iT \ (Y, f(x o))) ~;~ ~ LSYO:= 'iT \ (X, x o)) yo:= ~ ~ J* 

4.~~ ~ p : C --+ X .;,;.;L. LS.r.---" g * h .s ~} ~ ~lju-" Jl.:.. 
\ 

p(u) = g(ru) ° ~ u ~ r 

\ 
p(u)=h(ru-\) r~u~\ 

ll,,~ L. CJ : C --+ Y .;,;.;L. f * p .s ~ ,. .;,;;.; ? ~ bt.:...1 ·1 . ..::.......,1 . . LS~ ~u-" '.J-' '" •.. .J 

\ 
CJ(u) = f(g(ru)) ° ~ u ~ r 

\ 
CJ(u) = f(h(ru - \)) r ~ u ~ \ 

j*[g]j*[h] = [jg][fh] 

= [jg*f h] 

= [f(g * h)] 

= f*[g * h] 



~Wl~~.f 
.~).~ <.r"'~ rl.; J...i ~ (....JI) ~1 

o..l...ol.; ~\ .. ' ~'" ,~I Y '" X ,10.::..... .. A~ f ·r ~ 6f*[gJ = [fgJ AbLb L .. L¢ ~..J- ,.J 'J.:;! <.r'"" <..l .J , , 

·~rl..$" 

~( . LT' I . T .. 1..;1 61 . ~ till'" I . r;:-I..$" 4J ... '(':',.JJ c.f'" !) 4J '-'. !) .I. . .J.. «(,$. ~ ~ <.5'.1. 

,~L 0.::..... g: Y -+ Z f: X -+ Y I ... ,.~ ,.( .' (ull) f.r ~ • 'J.:;! J LS~ r;:-I..$" L.J"'"'./ .. 

. (g f)* g* 1* u.JY"""u.l.J~ 
.~,I7f\(X,x) LSj) ~L,..,. ~~ 1* o~T ,J..:;~ X LSJ.J ~L,..,. ~.~ I}I (..,..,) 

·~G.J~ .~I ~.~. f.r ~ ~~ ~L;. .1r-~ r::A~($" ~L:.; ~.I 

U.JY"""~ 1 t,rby 01.1 .~I ~.';"" 1* o~r .J..:;~ ~j~ f }I 6 r::A~1..$" ~L:.; 

'(':!.J}I..$" ~~~ JS ~ ..5Y.)I LSI~ 

.x..;L. 10.::..... I." ,,~ .x...:.;L...$v· t .. l,."L::a Y X .~( .' ~.r ~ LS 'J.:;! LS~ J . ...J,Y Y",Y <,,:;!. J r;:-I..$" L.J"'"'./ .. 

X )I LSI~ ~CO 6 .g(yo) .'E o 6 LS.Jyb~ ~~ .:Jy>;y 9 : Y -+ X J f : X -+ Y 

fg J (relxo) ~jyY' Ix ~L,..,. ~~ ~ gf '0.'1,f. oJ;N.;. !Yo f(x o) J ~I 

7f\ (Y, Yo) ~ 7f\ (X, x 0) ,u.JY"""0.'I.J~ ,~~ (reI Yo) ~jy. Y' Iy ~i.....I> ~~ ~ 

J*: 7f\(X,x o) 7f\(Y,·yo) 

g*: 1T\(Y,yo) -+ 1T\(X,xo) 

(gJ)*: 7f\(X,xo) -+ 7f\(X,x o ) 

(fg)*: 7f\(Y,yo) -+ 7f\(Y",yo) 

,~I ~..$.:. 



;';.r; uJ"""""'0-:!1 .J::' .~~ X J::' x 0 ~.~ ~ <..S~ 00 r,-S<..r" ~ ~ 
~y~Y' I x ~ gf L.I .~I XO ~.~ ~ <..S.r.-"::;' (gf)Oo ,(gf)(xo) = g(yo) = x 0 

7r\ (X, x o)) ~L..", J~ (gf)* 0:'.!r.~ .~I ~y~Y' 00 ~ (gf)Oo IjJ ,~I (reI x o) 

~ 7r\ (Y, Yo ) ) ~L..", J~ (f g)* as r:.~if ~~ ~L... 0:' . ...1 ~ .~I J-::. j>- <..S)J ~ 

.~I~::.~ <..S,1J 

,f.r-~ ~~ L.I 

.(fg)*=1*g* ) (gf)*=g*1* 

.~ 1f\(Y,yo) 7r\(X,x o ) ~L..", <..S~~ ~;~ 1*g*) g*1* IjJ 

g(fOo) : C -+ X .r.-" ;,;L..",.r.-" 0:'.1 ·~~if).; J::' 1 (gf)Oo : C -+ X .r.-" 

.l5-;T ,1*[00] = [jJ])'1 IjJ .~I 

9 * [jJ] = g* 1*[00] 

,1*[Ood = 1*[Oorl)'I0:!!r.~.[OoJ = g*[jJJf'!.JJTif~j~,~I~L..",J~g*1* ;';~J 

~ .~I ~~~ ~~ 1* ~ ,[00\] = [Oor] J:SI$' y~1 0:!1 J [jJ\J = [jJr] .l5-;T 
" I..s.,..s., IJ..:,·.· g* .s f ~ ~"I .~ .. ~ •. (..S":. • .f.:' r: . .r.-'I$'... ~ tY..r 

7r\ (X, x o)) <..S~ bJ ;,;T J::' .s ~I 1*[,J UJY-O~ 7r\ (Y, Yo) ~.;A .)';k~ 

7r\(Y,yo) 7r\(X,x o) U::-! ~~ 1* ~Jj '~~.Y. ~~ 1* u..!r.~ .~I 
.~I 7r\ (X, X 0 ) <..S,1J ~ 7r\ (Y, Yo )) ~~ g* .s r:.~1$' ~ ~L... 0:' . ...1 ~ .~I 

.J..,..,JI$' u~1 ~ ~ 0:!1y,~ 

7r\(Y,!(xo)) ~ 7r\(X,xo) .l5-;T ,J-:i~ ~~I.........A!: X -+ Y ~l5-;)'1 "'.f f) 
.~I~~ 



OJ} ~ 0l;:(..7" ,~~ c......,~.J~ (<.S\":~ <.S\~ ~) ~;))'.j <.SL..a.; ~ O~~ (Wl\) 

'(<.S~~ OJ}) ~\~ ~ 
I.. ( .. . ...s.., I"T ., • ,. ~...s.., ...s.., 4 t .. L..a.; ~ \ ( ) 

<.S'T"'J..r' ~ ~~ .. ''1'' ~ "-"~ ~ .. J .. .JY)'.Y <.S J j '":-' 

,.ltT(J"" c......,~~ <.S~~ 

• ..\..1 c......,~,(, liJl .' <:...s.., .lAL..a.;· ....l......A, ...s.., ·1 ( ) .• (..7" • rJ.- r..r"'-! . ..r"!... ~ (f""!.J' .. .J ( 

,.ltT(J"" c......,~~ ~W rJ.-liJ\ ~~~ '~W ~~) (~) 
c......,~,(, liJl I ... ~ ~·I J liJl .. ' .~~...s..,.c....., I.·' ,.~ --S" ·1 (A) • r.$.. <.S~..r~- J . '.J'" rJ.- ~..r-- .. ' ~ <.S~ ... ~ J 

~~ .. ' <: .. \. <: . L..a.; ~ ~l:... I.. (. .. . I- .. ' ~ <: ~ 
• ~ . ..r"!. ~ ~ J <.S ... <.S'T"'Jr~. '~.J~..I. (j~ ... I..r'""' ...... 

..:........-; . <: . ,~L.; ~ <: ",~l:... d l ' A ((\1..1.~~ ~ 'L....!, L..a.; ~ '1 &1 ' ..l.> 
.. (.1-'''"'''' • ....r"!. v .., v 'T'" J.r ..r' .....1 J u .. uJ . 

. ~~ ~;L....!, lAL..a.; 

~)J.~j <.SlAL..a.; :t.wJ ) 0~t ~,) Jl::.. (A) l; (Wl\) <.S4:S;:.J.s (':'.";(J"")'b 

<.S~~ J ~J)':t.w.J ~ x..:.$'(J"" .J..u"..1 .1lA.; u.\ .s <.S\.c.....,~ <.S~~ J <.SI~~ .1lA.; ~ 

.J:.j,~(J"" c......,~~ ~ J)' 

.c.....,~ ¢,1/;: X -+ Y <.S~~ J ~))y'j rJ.-lAL..a.; Y J X ~(J"" i.?) f.f ~ 

~w, ~ 1/;(X o ) ~ ¢(X Q )) Y J~ <.S~ f : C -+ Y ~(J"" if) ~ .~~ 

rJ.-l.iIl <.S~ . .rJ> ,uJ-"",,,u..\J~ .~~ f(t) = F(xo, t) 

¢* : 11"\ (X, Xo) -r 11"\ (Y, ¢(Xo)) 

: 11"\(X,X,,) 11"\(Y,1/J(X o )) 

) ,f ~) ~l> ~.~. Cl>f ) J~ .s .x)~ .1~) r'" ~ 1/;* = Cl>f¢* 0.J-"",,,~ 

.c......,\ <1T\ (Y, 1/;( X 0)) ~ 1T\ (Y, ¢(X 0 )) 

..l;.~,~.:,U v-;.~.l c......,\ 0)..1 r.Y ~ 0~1.J~.s ~~~.rU ~ A.:>;-j ~ .u\.;)1 

o~T ,[g] E 11"\ (X, X o)}1 r::-I'~ 0L: 

[1/;09] [j: * ¢g * f] 



f(\ - ft) 

(Cl * ¢g) * J)(t) = ¢g(ft - \) 

f(rt - \) 

\ 
o < t < -- - f 

\ \ 
- < t <f - - r 
\ 
- < t < \ r - -

• ." tIJ I • T oS 
~.J'~ J!..J ~.J~ • !) U 

F(xo, \ - ft) 

F(xo,rt-\) 

\ 
o < t < -- - f 

\ \ 
- < t <f - - r 
\ 
-<t<\. r - -

.s ~r~.Jx... 1.x:.;I.JFu..J: .~~ Cl * ¢g) * f J 'ljJg ~ i$yy>jA~. ~Iy..~ 
(Ex * 'ljJg) * Ex.x.--" .s J.;.S <b;-.i .c.......,I))~ ,X = 'ljJ(Xo ) ).J~ oS ,( Ex * 'ljJg) * Ex ~ 'ljJg 

c.......,1 Yo.) "::".J~"! 

((Ex * 'ljJg) * Ex)(t) = F(g(ft - \), \) 

\ 
o < t < -- - f 

\ \ - < t <f - - r 
\ 
-<t<\. r - -

~lb ~ 1 H : C X C -> Y ~~ Ii) 

F(xo, \ - ft(\ - s)) 

H(t,s)= F(g(ft- '),S) 

F(x o , \ + r(t - \)(\ - s)) 

\ 
o < t <-- - f 

\ \ 
- < t <f - - r 
\ 
-<t<\. r - -



H(t, 0) = ((1 * rpg) * f)(t) 

H(t, \) = ((EX * 'if'g) * Ex)(t) 

H(o,s) = F(xo, \) 1jJ(xo) 

H(\,s) F(xo) \) 1j!(xo). 

eS ( ~ L."wl ·1 ~r.if '" ' .. J 

ti~. y ) X o~T ,~~ ~~.;~ y ~ X )'leS ~bif f. f ) f. f (54J1. ~~ 

.~I r.9' t) ~ (5)>-: ;;,~ 'u.lr.~ .~ Jj;..r. ~Y' 0:.1 ~ ~I ,.;;)) ~;Y'~ 

(5J.)~ rp: X -t Y j .x..~~ ~b ~;Y'Y' f:j ~ Y ) X ~if ~; V.>-~ 

¢*: 7f,(X,:r) -t 'If,(Y,rp(.x)) ~K; ,X E X.rill (5bl~ ":"'jJ"""'0:. IJ) . ..L.:,~ ~;Y'Y' 
.. I .. ' ( . ............,~.~. 

0~ 1jJ : Y -+ X J;.;~ A:.w~ ~~ ,~~ J:.1 ,~I ~;.Y'~ (5J)~ rp 0Y; .0\.;>\ 

. ..L.:,~ Ix ~ ~;.Y'~ 1jJ¢ : X -+ X -' Iy l~ ~.;.Y'~ rp'if' : Y -t Y .$ ))) ;:'y>:) 

eS ( ~r.r~tl.>l.;., [':'.r. if . .. .. ., 



fb ~ ~ wI LP~ o~.) J..:,~ ~c.s~ .l.S'fb .x...~ ~O.~l., 1 l.1,; r.~ ~~ 
.J..:,l J" AI~ .~.U'" 

~j~~ \S~jJ .~ 
~r<.f" .;;j}~J~ c.s~~ (~~~ ~jiyY' c.s~ • .)J...s) c.s~~ c.s~J} c.s~~ 

~li., .;x. I .~ (C ~) c.s~~ ~~ILSl.1,;) ~ jI ~~I,{; ~~IxJ 

c.s~J} c.sk ..b.'ii 1 JlS' .;x.1 I~~l., J~~ '~.)<.f" ~ .n > 'fb c.sljl~ .n ~ ~ 1 
.~ (J!,jiyY' c.s~J} ~ ~.l<.f" r~1 ~ (J!,YYY' 

c.s~n ~ 'r:'-J.<.f" JlS'~ ]Rn ~ c.s;ixi ~ jP.<A c.s~n ~ c.sk 1 In ~l.; 

j,r J.l .AS ~I (1.1", Uy, •.. , .;;.;L. ]Rn c.s~n ~~I c.sl.1,;) Jol.:i; jI ~ 

'~.l<.f" ~l.; I n ~ 1 wI ;S .In J.r . .x:S<.f" J~ Ii = " r, ... ,n ,0 :s; Ui ::; \ 

jI ~ ~ .l+T ~ ~ j,l.:i; w~jI ~ 6 ~I In) (.$:!~c..:.~.J:!J rL.:; t41 

.~I c;.r ~ J r J ..b.G c;.r II( .n = r }I ,Jt::... cJ1.F~ .J..:,~ \ ~ 0 '~'Ui 

J ~~ '::'-r.; ¢,I/J : In -t X c.s~1i; J J..:,~ ~;).xj (.$:!l.1,; X ~<.f" d'Jj 

'i/J J ¢ .n , }I ~ .~I X jI ~t c.sl~ Xo .) J.l ;S ¢(In) = Xo 'i/J(Jn) 

~L.;, ~ 1 x: In X ~I,{; JL:,.. .~ Xo ~~ ~ (.$:!~~ 

\ 
o < u, < - - r 

, 
- < u\ < \ ,,- -

'~<.f" ~~ 
}I Jt::... .J1.,,:.c.~ ·X(Jn) Xo .;x.1.r. O)".k. .~I tG...~ X .f.f ~ ~~ wJ)"""'.;x.IJ.l 

~.Y<.f".n > '}I.~I 'If; j ¢ c.s~~ y~L:,.. X ol,{;T.n 



x ~ 1 (n > \)In ~/' -5 J;,...:;~ "-~ cf..~15.; OJ 7 ,(3 ,a ~ if:» Jb 
J ~)~ 

F : In X C ~ X x..;L, "-y,; ~15.; (0))"'""(.).!1)~ .a rv 7 (reI I n ) ~(J'" if:» 

.s ~I ~r.-Y' .J4 
F(x\,xr,··.,xn,o) a(x\,xr,···,xn) 

F(x\,xy, ... ,xn, \) 7(X\,xy, ... ,xn) 

.(x\,Xr,.·.,xn ) E I n .JT)~-5 

~Y:'y G : In X C ~ X x..;L, "-y,; ~15.; ol5.;T ,(3 rv 0 (reI I n) )'1 ~ 

.G(Jn x C) Xo J ~~ 6 ~.l.ir. ,y = \ r.?JJ (3 ~.l.ir. ,y = 0 r.?J -5 ~I 

~L.;, ~ 1 H : In X C ~ X ...:-;:,15.; 
\ 

H(x\, Xy, ... , xn , y) = FUx\, ... , xn, y) 0 ~ x\ ~ ""f 

J 

J ~I "-Y.:-t H (0))"'""u..1.J~ .~(J'" ...A:.~ 

H(x\,xy, ... ,xn , 0) = (a+(3)(x\,xy, ... ,xn ) 

H(x\,xy, ... ,xn , ') = (Ji+6)(x\,xy, ... ,xn ) 

H(x\,xy, ... ,xn,y) XO' 

.a + (3 rv (Ji + 6)(rel I n ) ~lt.~ 

<,Y-,jyY' l$lA.~.J rL.:i ~~ JL,.. .~~ ~~ ~ ~~ n > , ~~ ~(J'" if:» 

·r' . .x.S'(J"'fi.J~ ,a(Jn) = Xa -51 a: In ~ X x..;L, "-~. (.S:'.~I5.;j1 (relJn ) 

U))"'""~ 1 [f3] J [aJ ;;~.J J~ ~ 

[a] + [f31 = [a + (3] 

.~(J'" ...A:.~ 

a rv 7(relJn )}1 ~ J.k:; ~ ~lx.j ~y::,(J" ~ ~)~~.J.,1~~ u..IJ..cL,.. 



,o~.J )~ ~ ~ )I ~.~ u.1 ~ .0: + (3 r-..; I + 8(rel I n ) oK;T ,(3 rv 8(rel I n ) ) 

) J:.../I,,~rf ~L...; '7fn (X, x o) ~ 1 e)} u.1 ''»:'~rf e)} ~ cf.,YY'Y' tSl.I>o~.J k~ 
/. ( /. /. 

tS~~ 0J},'7fn X,X o) o)}~ U"'W ~ .,;;",Grf Xo ~ ~ X tS~n cf.,YY'Y' e)} 

. .x....Grf tS~~ cf.,YY'Y' o)}1'7f\(X,x o) 

,n > \ ~ tSbl~ L.I ,J...:~ y'~~YO:; 1T\ (X, Xo) ~)~ z.,l5-..1 ~JI.s c......,1~; z.,~~ 

tL:-) tS;:J~ ~ tl. ~ 1o~J.,> 'tS.x~~~ 0L;1 tSlt. .~IJ.'.~.~~ '7fn (X, Xo) 

.~~($" 

rY..r 
.s J:x.) u.1 ~ ~~ X .J~ ~)~ g) ] }I .J...:~ u+~ e)} '7f\ (X, x) J;S ~; ., 

.] rv 9 +.A~ z.,~ ,](\) = g(') ) ]( 0) = g( 0) = x 

}I.~~ ~YY'Y' XO E X ~~).c.....,~ c/J,'lj;: X ---+ Y tS~K; J;S~;.r 

'7f\ (X, x o)) ($.wl ~..r-A ~.1j;) ¢ ~K;)~ ~ DS +.A~ .:.,~ ,¢(Xo) = 1j;(Xo) 

.J.:.:.5'($" +.Jy '7f\(Y, ¢(xo)) ~ 

~..$.:. <1>f: '7f\(X, x) ---+ '7f\(X,y) ~K;) J...:~ y ~ x)l tS~ f ~~;.f 
.J...:~ ~T '7f\ (X, x)}1 .1.i9)}1 ~I ] ) Ji:-.. <1>f J;S ~I; .~~ f ) ~l.:.. 

+.A~.:.,~.y E Y ,x EX) ~~ ~tS~ ~;)J;!Y tSl.I>L:..; y) X J;S~;.f 

.~I c.>~~ '7f\(Y,y)) '7f\(X,x) tS~)} ~ y~l.:.. ~ '7f\(X x Y, (x,y)) 

J.J,~ . L; oK;T ,~L y <I.> x ·1 f.c.....,).. : X ---+ Y ~K; (I.~ .. J .. .J tS~ ) ~ 'f' ..r 

/. /. Co 
.~I)~ ~r)l tS.J)~ r..,sA)} ~ tS.xy-a; ~ tS~~ e)} J;S ~t.r 

,i : A ---+ X ..:..,)"..,..:... ~K; +.A~ .:.,~ ,~~ X tSj ~~}~ ~ J.':"j)~ ~. A}I . V 

(.$'.wl ~~..$.:. ,a E A J'" tSbl~ 

·.xSrf +.Jy 1 
.~Io)} '7fn (X, x o) J;S ~t .A 



1rn (X, X\) ~ 1rn (X, Xo) ..\:A.:l .J~ ,~~ ~Y:'Y' X J~ X\ "! Xo )I rS.r.:-"" }I . ~ 

.-=--1 ~.~. 

¢* : 1rn (X, Xo) -4 1rn (Y, ¢(Xo)) ~~ ,~~ "-~ ¢ : X -4 Y ~~}I ., 0 

. 1 .. . .~" d,* .J....A~ • l...:..; 0 . .. 1 . .........., ~.r- 'f' .. <J t..r::"'" j .. u.: . ..f"J ') 



v 

~~., 

1 s' bj!b 1.x:.;1 .r.5 ~ o~L LS4:!6. ~ Y..)~ 1 'If, (X,·) ~Jy..ts" ~ U:!I..J~ 

($WI LS),!.xy s\ LSJ.,: ,Jt:... .:;Iy,,-! .~..I.ts" ..Jl5',,-! 1 ~ LS),!.xY ~I..J~ .r.5ts" (5'""..J..I. 

LSI+W t~1 ,s' j~ LSlAd.C~ '~~u-" fi..J~ 1 JR( l' LS» ~..,......... LSJ).xY jl j...>6. 

LS..lJo.;n ;;)" ~L..; sn }I ,J5 ..J.,b"-! .~ ,~4:;.;1 .1~ ':;J~ ($I+w ~ 0~ 

'r::-"'~ts" ~ 1lRn
+\ ~..,......... LSJ).xY jl ~I..... ($Wl LSJ).xY 5 n "-! .~T ,~~ 

fi ..J~ ..5.: &1--..JJ.i ~ lJ::.;,.... ~I..l..l:d .J) C>..Jr""-! 1 s\ .~jb~ts" s\ .j!b "-! JI..... 

~ ,~.r.5u-" 
S \ = {e iO : e E JR(} . 

. ( \.9 E)..L:.::.....A ~~ ZJT LS~~ LS~J}!l...; ,(r.D E) c, .... J~LS~ s\ ZJ.7: 

e
ic 

\ ~ '~J:"!..Jl5',,: ~Ij($"' 1 s\ LSJ) LSIAh"i;.;A ,'If \ (5" .) ZJ~)" ~ LSJ.,: U:!J.,:~ 



rL.:; (f,YJ"'.Y' ti ~)~ ~ '0:!!r.~ .r.s~ ,":-,L;,wI1l",(S') ~ tS!r. ~~ .JL~~ 1 
.~ tSJ.:.:O~J .n( 0) = an) 'E S' .s 1 a : C -+ Sl J,;.;l.. tSl;,.;;....,y':"! tS~~ 

.~ ~Y.i.) "::"JY"""~ tS~*J)o~ .J.A~~ b ~.IJ~.$1~) ~l,:;~ 

x(t) = { 
e7ri(\-t) 

( I·· ~ \ A, ~ ~ I· <' I 
(':!~ P J .. y .;).i.J ~ J"' 

\ 
o < t < - - r 
\ 
- < t < \ r - -

~ 0.i.I~ ~ ) ~ .)~~ ~ ) :;,y::,~ t?~ \) x ~ .$ ~~ oJ.AL.. 

.~~}~)~ ,~) ~y::,~ Lr'~.)T d.r-~~) J.....,J~ ei7rjr = (0, \) E s' 
·1·.t.b~) ~ .~~~ t?.r:- ')~.;A.s ~I LS1.~~ ~~ :\jr~ 0.'.1 

~ J~ ~) J.....,J~ eiB
• J,;.;l.. tSl~ ~ • .xS~ ~ .J.A~ r~1 J.l$' J-~; ~I.))~ 

d)U::.-. «f.5~r» ~I ~ ~ cS~~.s ~I ~~ ·jj;~J4 , ~ ~ 
0:!1 6 ~I ~G l..1 lO.,r.:i ) .x~; j~ ) ~.~ 1 tS~~.) tS~l.S ~I ~ .~~ ~b 

~.s...".~ r • ",l\ l~ . ...)'J"'r .e, ~ '" (;X~. ~ 

.t.) ~.~, ..r::-'" 0..~ wp)1 

y(t) ehit tEe 

..$v", .. 1_". Ij) ~.s..." c l ~~ . I . .J.,L, I Sl ~..$v tw~ ... ~ ) " ... )'J"'.Y' \ f.:"'""'"" • u.. ..... ~.'J J) .... 

)t.. ·~4 ~Y;J'" ~~, tS~~ jI tS..h.~ tlyl ~I ~ .~I u+..~~ (f,YJ"'Y' .~J 
tSl.JiA; "'! .x..:S ~ Y 'Jj ~I .))~ ) ~~~ J..l$' J)j ~ 1 0.i.b ~ oS ($..~ ~ 

J4 \ ~ ~ ~J (.x..:S ~ 1 o)j ~J~ WJj tS!r. ~I')J~) .xj)~ eiB
, J,;.;l.. 

0~~ J~ tS.;t;)L,1 ~ ~ J~ 1+1 0~~)~) tS;..T tSl+l.S 0:!1 0~~ . .xj;~ 
LS1.~~ ~ "-':"~J~ ,(~I C, ~ ~jJ"'Y'~) ~ 0.'.1 !r..)) j).x o)j ~ 

. .x.:~~ 1 S' JJ~ ~ ~~ 6 .x~~ ~});.; J::' UJY"""u..~ 
tw l..$v L,...s (t·.· (I ~ ~ L..) 1 ~ '1" . .. ~.). .. LS • ~ r"'~ ~ J~ u-:-'" ~ . ~ !) cJ.. ~ r::-''J'~ ~.....Jb 

Jj ~~ ~.I~ ~ ~~~.)..;J~ ~ ~~1 n~ .:U.c: ·~~~1 S'J4n 

~l,:;~ 0:!!r.~ .~~ 1 S' .":s..r- vI ~ J~ ~ L.4:L. tSlA~p ..:S..r- ..j;),;.. ~ 

Lr'J.>. ~l,:;~ IjJ) ~.T~ ~~~ (f,jy'y" ~~J ~.n ~::'..\.c.;A tSbl",! .s~.i. Lr'...\> 

.~I ~.;>.:. ~1..\.c1.);4 1l",(S') oS~.i. 



o E 1R~ '¢.5 ~y::.rf oJ..l>L.... .~I ~.~ ¢.5 ~I ~~ ,u.JY""u.I.J~ .~~ 
. L <. L . ~.. I . I \.1 5' I llJ) I'" • r 1ri 0 \ E 5' . I .J. 0.J. <ll..........., ~') • ..... ~rf J)~ ') m.. .) ~.JI..)vL>" e = ~ ~ ') 

.s rs~.; ~lYL>" III ,~I ~.;~ 5' - {- \} ~ ¢ ~ (- \jY, \jr) 

1P: 5' - {-\} -+ (-~,~) 

.~~ ¢1(-\jY, \jr) t.r~ 

-s11 ~ 1 ~ .)~ /' u~1 .~)~ j~.J!.j <.S4-J ~ J...a.9 u.1 ~I ~ ..J~.J.)T ~~~ <.S!r. 

·rsL>" 

~.;~~ <.S~ ,0.JY""U:'.1.J~ .~~ 5'.J~"7.~ \ <.S~ (J rsrf ~.; .(~;~) \.V ~ 
. -h(J' = (J ~L 0 • T 1.x:...1 4b.; .s ~I ~ . l> IR ~ (J' .x..;l.. 'f' .). cJ rs:. . .J"':"Y' cJ. .J 

~ "1 (J' .) ..)..L,-,~:; IR ~ (J' "" -h ,-;.. I~ ·1 (J ........... .5 {.-..:JI.:.. .·~I ~ \..:. 'J' ') J ... v \..:' J .J ~. 'f' v .. T .J J,.~~.~ (':::' • .Yw> v .. .J 

. (r::-" l; L>" IR ~ (J 

rsL>" ~.; ,~~ 5' .J~ ~~ \ rs:. lA ~ T Y (J olS/, .A = {o, \} rsrf ~.; 

.~~ \.V ~.x T .) (J)I ~I.:.. <.SlA~ T' .) (J' 

~L 5' ~ .... L\ lA .~< .. ( ,,', ., ,.1> .t) '( V .. t .) . .J .. v ($, ~ T .) (J r::-<5' if ~ . ~y. rs.,YY'.r r- . f"'" 

F' : 0 x 0 --+ lR .x..;l.. <.S~';~ ~ L ~ ~1.5v u.JY""u.,I.J~ .F : (J c:::::: T( reI A) 

.F' : (J' c:::' T'(relA).) ¢F' = F .s ~I ~f:Y ..J~ 

.) ~~ F ~, (J ~L..; f : Y --+ 5' ,0 X 0 ~ 0 ~L..; Y rsrf ~.; .w\;>\ 

<.S.).J f ,~I o~~ Y w'y; .~~ (0,0) E C X C ~, 0 E C <.Sb ~ 0 E Y ~L..; 

Ily - y'll < 8 <.S.x!r.l; .5 ~I ~.J"':"Y' .:,~ 8 > 0 ~J..c III .~I ~~~I~, Y 



}1,llf(y)11 ',y E Y ./' L>bl~ 0r; .xS Y~.I1I1f(y) = f(y')11 < , L>f.lr.~ 

olSvT ,lly - y'll < {) 

·f(y)/ fCy') I: -, ~ ,fCy) I: - fey') 

N> 0 )Js;. ~u-" ub) . ..::-.,1 oJ..:i~..,N 1/J(f(y)j f(yl)) ,lly -y']] < 8 r.?J ..:.dr.~ 
L>~jI ~ . ./' ~L". u.IJ.) ·lIyll < N{) ,y E Y ./' L>bl~ cS.>..:,~ ~ L>.)Js;. 

I... (ljJ ~ cr -I .. < 
L>~.J J r"'-' 

.~ o.>..:,~.r:; 

'::"')r~ 1 l' : Y lR'. c....;,t5.; JL". 

!'(Y)=1/J[ ~(y) l+'''+'~J[f(~Y)l . (lV-' ) f(o) f ~y 

. ...::-.,1 ~ fl fiCo) ur; ~.J 1/J( \) + ... + 1/J( \) 0 uJru.IJ) .~u-" u;,r:; 

r:_J.JTL>" ..::-.,)~ ,</J1/J I s\_{ - \} .J ..::-.,1 ~rA </J 

cpf'(y) ¢(f'(y)) 

fCy) (:v - \ ) f -;::;:-y 
lV 

(
N - r ) 

f ~y 

. ..::-.,1,-, IL ~ cS IdYf' = f . . ~ . ..' I.f"'!. 



~ .. j" : Y ----+ lR ~l,{;.( .... ..:;.......,1 ~...... • j';$ _.( c.v~ JI.:,. 
J ..x:' r<f" (f"'..r ..r . ~ r<f"· 
)I .~LQ:: .. ..,I ~J ..:;.......,I.c.....~ l' - 1" ,uJJ"""v.I.J~'.x.S 0...1....::> ¢1" = j J 1"(0) = 0 

.l,{;T 'Yo E Y }I ;$ r: . .-J<f" ~ ¢ ~.~ 

,-I,,(j'( ) j"( )) ¢(f'(yo)) 
<p Yo - Yo = ¢(ff/(yo)) 

= j(yo) = \ 
j(yo) 

j' - 1" J ~ Y (JY; '~Jl,{;<f" ~ ~I...\.cl "! ~ '¢ L.....A "! 1 Y ,1' - 1" UJ 

l' - 1" ~ ,j'( 0) = 1"( 0) = 0 (JY; . ..:;.......,1 ~~ ~l,{; j' - 1" ~ ,..:;.......,1 .c.....~ 

'~.P<f" ~~ j' (J~y' ~)"! ~ UJ J ,..:;.......,1 ~ ~ ~ 

~<f" .;:.) ,r. v r.l u~1 ~ <.>1 .J-wJ<f" u~1 "! \. v r.l ,~; 0:'.1 "! 

Y = c x C, j = F, j' = F' 

F' : (J" c:::' 'I' (reI A). 

)I d.;:: ... " 1 ~ ,¢F' = F (JY; . ..:;.......,llR "! C )I ~l,{; F'(x, 0) ;$ ~<f" • .aL.. 

~)~ \. V r.l 
¢(F'(x, 0)) = F(x, 0) = (J'(x) = ¢((J"(x)) 

.F' (0, 0) = (J" (0) = 0 .J~"! J 

F'(x, 0) = (J"(x) l>y,lr. \.V ~ J~ Jji...7.:""'"'"" (J~y' ,))"! ~~ ~)I .~l.Q::....,1 ~ 

,x E C./' <.>bl,,! ;$ ~.-J<f" ~ ,,!L.. ~j, "! 'r:.J}<f" ..:;.......,~"! ,x E C./' LSbl,,! 1 
6 ~.P<f" ~I.:,. ~.I)I ~jy.Y' (J~y' ~ u~1 .F'(x, \) = r'(x) 

P'I { o} x C J F'I { '} x C 

~I~.f 
'~<f" ~~ 1 ~ v. 1 ~I ~ JI.:,. 



~ 8\ )I .JiQ.;.}> "! ~ 171"\ (8\) ~/j(f' .~~~ ""..Ii. J~ .s ;,;}w~ \.V ~ 

'~~(f' ~~/ eio 
= \ LS1r.1)5 ~/ .~ 

J:> er' r.-' "!U er .(\.V ~) ti;; ~ "!~ .~~ S' J:> <I:.~ \ <">r.-' (5 ~(f'~; .w~\ 

.~~ A:!~Q ~ (5' r.-'''::-''/ ~ .¢;(5' (5.s ~~(f' ti; w4 0 <.$./..>:::1 lb.Q.; ~ lR 

.,;,..:,L ¢ L.J,. <V -I .. " . ...l.oL (5'(\) .A,er' = (5' L.I.';"':'I...;· (5'(\)..::-.,1· <. .• • . LY""'-" ... 'P U.Y'; . r..:: Lr''''''''' ~ 

.1....,; J.15 J.,b,,! 8\ ~.s..::-.,/ Jt.....9:> :>/».:: er'(\) ~:>,k. .er'(\) E Z c.?-:. 

}I ..::-.,1 ~L LSlJ."!P GSJ>' ......;)\.;. ~.J:> ~~ u..I) :>y::,(f' b:>~ [er] ~ yA 

·(';"':'4 ~ (5'( \) }I ..::-.,/ GSJ>' wT ~.J:> J .~ er l
( \) 

r' ~ er'(reL4).r.v ~,,!~.~Lr ~ er(reIA).s,;",:,4S'.J~LS~ . .:l~.~ \~r}1 

~J:> -' ~I [(5] ~:>.J <..>(5 ~ jI ~ (5'( ') ~ :>,k. c.?-:. .r' ( ') = er l
(,) 1.iJ J 

~~ 

]: 71"\(S" ') ---+ Z 

.~ ~~ ~~(f' [(5] E 71"\ (8', ') yA <..>11,,! f([er]) = (5' (') ~L:, ~ 1 

.~/ ~~ f .s~::, wL.; ~~(f' .~/ ~~<fy:.. ] ~~ .s ~/ ~Iy 
w4 [er], [r] E 71"\(S" ') LSlJ..~.J ~(f' ~; ,~I ~~ f ~11:l:;;.;:...,1 <..>!r. 

"::"'JY""'u.I.J.) .r'(\) = rlJ (5'(\)rn.s,;,;,..;,~ 

]([(5]) + ]([r]) m + n 

I r/l ~~ .~/ (5 * r ,....j .. .s ~/ 0 ILl 
!) ~ :.r r..s:. . 

r"(t) = r'(t) + m 



J~ r..$~ (J' * Til IjJ .c.....,1 m + n l:; m) JR...J~ r..$~ Til wJ~0:'.IJ~ 'r.5~ ~y:; 

~)~ JI.".. .c.....,1 m + n l:; 0 ) 1ft 

¢( (J' * Til) = (¢(J') * (¢T") = (J * T 

((J * T)' = (T' * Til . 

IjJ) ((J * T)' (\) = (rY' * Til) (\) = m + n 0:!lr.~ 

f([(J][T]) = m + n 

c.....,1 ... ~ f oS ( ~ I· I ·1 . ~ ... r" ~.r.~ ... r..$.f..!.r! u:. J ) 

.:,L; ~~~ .(J.;S rr-J f ~ r 0:'.~ ~) G..wl J!.~u-"~I1ft ~.I) 0~l.i:....1 ~ 

.s ~..-J~ ~ ~I)) G..wl E"\ ~ d-,j.,.-Y' 0~..J [lJ .:,T J~ .s .ker f = [lJ oS ~~ 
.J.....,J~ u~1 ~ ~ JjJ) G..wl ~.~ f 0:'.lr.~ .G..wll$.)"'"");) f 

~~.f 
);.; J;) .8 > s .s .(8, 0,0) :?.r ~ ) s > 0 tk.: ~ JR.'" ) xz ~ J~ r..$lo.J:'.b 

WJ~~ .[0, r7f] O)~) <...r.'""i;... c.5a c.51j1~ ,0J:'.b ~ ) ~ y. ..:..L...a::..;.. .... . ~..J'~ 

G..w;)~ c.51~-1J .~;) .:,1);) i..l.z JY'-" JJ> 1 oJ!.b 0:'.I}1 .G..wl (8 + s cos a, 0, s sin a) 

.;)y:,~ o~l; .~ oS ~T~ 

~t .:,b.) (l5.:.", J;) z) x r + y r J!.;)l.i.. ,0.J:'.b ~) ~ y. c.51j1~ .s ~y:,~)'i:... 
~ oJ!.b oS ~~ c.51,,:.)1j (3) 0.2 c.5-1J ~l,.;·,b ~ (x, y, z) r.5~ u-") . .x.;L.~ ~~ 

.x = (8 + s cos a) cos (3 ,wJ..,.-ou:.IJ;) .J.....,.f. ~ u:.1 ~ t G..wl o~ o~b .:,b;) .:,T 0).-;1 

c.51~ (8 + s cos a, 0, s sina) .:,T J;) .s.z = s sina) y = (8 + s cos a) sin (3 

.J.....,Je..>" (x, y, z) ~ .(3 ~.)Ij 0)J,.;1 ~ ~b;)) ~ oS G..wl ~)I oJ!.b c.5-1J 

~L, ~ 1 f : JR.r ~ JR.'" ~lt JI.".. 

f ( a, (3) = (( 8 + s cos a) cos (3, (8 + s cos a) sin (3, s sin a) 



y 

($ + s cos a. 0, s sin a) 

d 
O~---------4--~~4----x 

(i) 

(li) 

+-------y 

.) f. .J L5" .J') • 6 
'~4 .~.; cJ111 el.....b~ <.S~.l.JlS ~I <.S~ 



.x..;L. tSy.U.JJ~ ..s.:. r.s~ J>; ,~~ .w\.;;1 

r : B~ ----+ 51 

,f.r ~ "-!~ .ri = IS\ IjJ .~~ :Jy;y 

r*i* = 1* : 7r1 (5" \) ----+ 7r1 (5" \) 

L.I.~I ~5:. 7r1(B~, \») r./'y.J.)!.j ~ 7r1(5" \) u.lr.~ .c.....-I ~,"-!..s.:. 1* IjJy 

~~. ~J G....-I ~J.: 7r1(B~, \) IjJy (f JA.9 I u..r; "-!~) c.....-I.)!.~v-"~I B~ 

~L:; "-! ~.I) .c.....-I ~5:. Z ~ 7r1(5\ \) y (~ 1 f.r ti) (c.....-I ~w uT 

'~r~ ~t ~ IjJ y ~..!~ 

tS~ a r.s~ v-"; .r.s ~.y:; 1 ~ "o.:::-J=- l:; ~)~ j~ ,~y~ ~y'..!15 Lor tSlr. 

~ uL;I..!~ .(\.v~) ~~;.;T ~;"-!~ ti; a': C ----+ JR y ~~ ,~~ ~ 51..!~ 

uy:: . .x....l;~ a ~..!~ 1 a' (\) ~~ u.1 .c.....-I ~ tS~~ a' (\) .s r'.~.J .~L:... \. V 

.c.....-I ~j)~ tSl..l,~ ~..!~ ''>';)~j)~ tS~;j)~ tSl..l,~ 

)2; ~..!.Y tSl~~ r.s v-") ~~~ '~r ~..!~ .JL ~ "-! ~ ~.I UyJ.: . w\.;;I 

tSl~~ 

I:; .~L ~I.>,; ~ P(z) ,'<: '," .k > \ ·T ~ oS ,~L C:. . . ..! r~ if" f - u..! . 

G: ex [°,(0) ----+ 51 ~ ex c 
Ah,L:, L I • • I) 

G(t r) = P(rexp(l7rit) x IP(r)1 
, IP(rexp(r7rit» P(r) 

~L:, ~ 1 F : C X C ----+ 51 tl:; Y 



lim F(t,s) = limG(t,s/\ -s) = lim G(t,?') 
s-+ \ s·-+ \ r-+oo 

(exp(r7rit))k 

. (reI A) .. .s., p .s e ~·":"'Ait. r.::,......,1 c,;;,...., .' F IjJ ~ ~.Yr.Y' .. · ~..r.:-'<..>"" .. v:;-.-' ~ ~ ) 

~ (l::..:.::....,,1 ~~ IjJ" .fo rv .fI 'V:'.!r.~ .c...wl fI(t) = F(t, \)) .fo (t) = F(t, 0) 

~L:.:; ~ ~!r.~ .deg(fl) = k J deg(fo) = 0 L.I .deg(fo) = deg(fI) ,~) 

.:>y:,if ~t ~ Iii) (k = 0 ~.I}.o) ~.Jif 

tY..~ 
.c...wl ($~0:; <./'J} 7r1 (JRn

, 0) +.A:' ~L.; ., 

7r1 (JRn+\ -{ o}, 0) 6~A ~J,.\;)~ <.$,YYY' E:i~sn"JRn+\ -{ o} +.A~ ~L.;. r 
.~I ($~0:; <./'J} 

.~I..:......?u (Z~7r (X)...\.....I>~ 'L.;.~~JRY _{Co o)}~~X.J....S . ·.f .. .r''!. . I .. t.) ., .. r...r-..Ji 

($l,.,,~ ~L; it.)) ":,y:,if ~ ,~l.J" ~ ,~ ~.jI 0'; ($:'~ OJ} +.A:> ~L.; .f 

(.~ ~y.Y' Y' r;.-x.r..--" ~ ~ ~ 

~~) .~~ {J(t) : t E C} <;;;; Sl ~ r J [fJ E 7r\(S" \) ~~) .(.) 

w(f) = -' .1 dz . 
rm 'Y z 

!~I ($:>J.J;. U)(f) (UlI) 

!w(f) deg (f) (y) 

.~I 1 [1J yl.;..;;,;1 jI ~ w(f) (() 

~ . ...,.:;)I 0:>lA::-14 .~Afi,}:, [a] (a ~.J~) ~L;" ~ 17r\(SI) Z ~~.~ 

.~I ~ ~IJ.J;.I ~ oJ} ~ 7r1 (8\) jI ~~ ~ ~K; 0:.1 .s ~ ~t 
.J)j [f] o:>,}.h...,j.s ~I ~L:.:;..(; c..5)):> oJ} ~ 7r\(S\ \) l.P~ oJ} +.A~ iJL.;·V 

~r.J:> .s I:> y:,if 

1 ( t) = (cos r 7rt, sin r7ri) 0::; t ::; , . 

. ..::......,1 ~.~ Z ~ 7r\ (Sl X JR) +.A~~L.; .A 



~.JW ., 
(J.'.lA~~o15 oS ~I ~J.ixY ($lA~ ~J~ ~J~ I~ ~Yv ($lA~ r'~ 

.~I .::.;~ ~~J ~ ~.,.h;) J ($~)}~.,.h; «(.I~~~ ~J.:.,I, ..I,;.;L. ~G ~~ J~ 

;J~J~ ~ ~J)Yv;' JsL.. .~)~ ($~~ oy} ~~ ~ ~ ~~j .1l:;) r~ v..1 

I~I.~} J~ .1y.f' ($lA~ ($~~ ($~Y}J~ ($f.'"'>: JL.. ~ 01y(f' 1 ~y" ($lA~ 
.~(f' twO r 1 ~ Yv ($~ U:~ 

~~ ~~ p : X -+ x y ~~ ~j)x; ($~ y~ x) X ~(f' ~) ,,1\ ~ytJ 
p-I(U) 01.5'..,.;. ~y::,(f' e';;'\.:;..y")~ J~"" pLy u ~ X J~ ~~..I..J ~j(f' .~~ 

J.,1~ X J~ ($lA-..:~..I.) 0::1)1 ~..,.;.) ~~ X)I ($.Ir.-)~ ($lA-..:..,~..I.) t~1 
~. ~Y.. .::..-:.\t 1 p : X -+ x ~L{; .J,;r -::..:;L{; U ($)) ~ p Lj cJ..~jL.,.." 

P Ly},.,>"".J.,1~ oS ~~ ..::..::,I~ ($J~ ~.~ x EX..,.;. 01.5'..,.;. .x...~u-" ~y"~.)!.~ 

. .x...~(f' p : X -+ x ~ y. ~l.S'V .~\ l.S~ 1 x ) ~ y. LS~ 1 "y .~ y::, ojjl:,Yv 

.~I..I..J w.:.~' J~lu til" Jj ~~ v..1 



olS'.;A J,;...,~ ~.,; ~~ 1 p: X -+ x ~l5,; r.A ~~ 

,~L ~ p (uJl) J . J:. 

D5 ~~ ~y:yo 0~ x) U J~ ~.~ ,x E X jl (y) 

p-I(U) = UUj 
jEJ 

tSbl,,: J uj n Uk = ¢ ,j i- k.;A tSbl,,: -' ~ X) tSJ~ tS[",.u:.~.J:'.J [",Uj Ur)~ D5 

.c........,1 ~j~ plUj : Uj -+ U ~l5,; ,j E J f' 

.< ..... '< w.. .. pet) = e r7rit A1..L..o Lip: lR -+ sl ~l5,; '.A Jl;.., rLS"" c/' J r LS"" .. /-' . . ') 
~LS"" d') .c........,I-x+i( -y) uTp~ au; ,wJY""Li.IJ~ .~~ Sl <5JJ <5lo.hi.; x+iy 

":J~ <5[",oJ~ ,t..:; t~l) ~ p-I(U) ''::'''JY''''Li.IJ~'U = Sl - {-x+i(-y)} 

~.j~ J),": P ~.:; [",oJ~ 0:'.1) ..5.:..;A .) c........,1 (\ / r 7r) arc sin x §1-- .) ~ J), 
.~I Sl ,.. "'~ lP? .,. ( .. p JjJ .J,; ,. ~l5,; U,c ... 

~J!, v J ~J!,J"'J..~ ru-- vJJ . 

y .s u¥ = X X Y J J..:j~ ..jJ~ jJ..y-di P : X -+ X ~l5,; ~LS"" if'; 'f.A Jl;.., 
.c........,1 ~ y. j.J:'.~ P ,wJY""ul J~ .c........,1 ~ ($.!~ 

A1..L..o Lip: Sl -+ Sl ~l5,; ~l.,..::......::... ~ ~~ n .'< .' 'f.A Jl;.., . . ') .) . . l?"'" r=-LS"" c/' ~ 

P .1....,j),...J>J),": Sl - {z} ~~ ,z E SI.;A <5bl,,: 'r-' . .x.5LS""),;J~ p(z) = zn 

.~I ~:y'j.J:'.~ P 'U~~ .~y:,U-- oJ,;~J:. 

J ,~~ ~ ~ ~~ n rsu-- if'; t:J.A Jl;.., 

X={Z:ZECC: o <Izl<r}, X={Z:ZECC: o <lzJ<rn} 

.p(z) = zn .) 

.c........,1 ~Yv YJ!.yA; p ,w.JY""'u.I.J~ 

,(x, y) E lRr .;A tSbl~ J ,(o~) M = Sl X Sl ,X = lE{r rsLS"" ~; 'r.A Jl;.., 

p(x,y) = (er1fix,ehiy) . 

. ~I ~J:.j.J:'.~ P ''::'''JY''''uIJ~ 



~y ~.;~ 1 f .0JJ"""Li.IJ~ .~~ t G f : Y ....... x r.5lS"~; Y'.A ~~ 

f Lj ~.j~ J),-'! .s ~~ ~b j~ ~,~ ~, Y E Y :\.bj;.;A olS'.;A J;...L;lS" 
,~y:;, ~ t.{; x jI (.$j ~ A.:: ~ "I!,j (.$» -'! 

J} .}}.) ~ ~~ ~ Y J,LD.; jI ~.;A ,.J...:,~ ~Y' ~)~ f }I \.A ~ 

• ..::.......,1 J.I; Y. J..j r1 'Li.1r.~ . ..))~ 

p Lj ~,j~ J),-'! Uj.;A ) Uj n Uk = ¢ 0)l.i:.. (.$k) j .;A (.$ljI-,! ;jl J~ .s 
i J.~.s ~~ {Uj}jEJ jI (.$j~ A.::~) fi r.-s'lS"~; .~y:;,lS" ~t.{; U (.$»-,! 

jI ~,;~ ~ plfi .s ~I .}:r.,) Li.1 ~ i jI (.$j~ ~,~ fi ,u.JJ"""u.,1.J~ .~I 

.~I ~Y' ~,;~ P Li.!J.~ .~I U (.$» II: fj 

~t.{; ~I ~ ~Y' ~.;~ .J.A~lS'" ;jl:;.; (.$~ JL. .s ';';}Ww ,~ 
~L; ,," 

. . (.,$"""""'J! 

~w, ~ P : lR. ....... Sl ~t.{; ~J..,.U PI : (0, i) Sl ~t.{; r.5lS'" ~; V.A Jl:..o 
,(..J"..;......, 1 \./\ JL.)'..::.......,I ,. A ... t.{; P' .~~ (0 i) .~ o·~ '" pet) e r7rit .. .... !) (.,$""""'" J! (.$"""'" <.lJ-":' . , .J. '.). . 

'PI ~ ,(0, i) j~ A.::~ ~ ,) ~J..,.U liJ" ..::.......,1 ~Y' ~;~ P • r.A r1 ~~ 
~,~ ~ ~ E Sl ~ ~~ WJ-":' L.I.~~ ~J!PI .~I ~y ~,;~ 

.~ ~J! ~t.{; PI ,~).x :;,y:;, o.x~y" PI L;)~ .J),~ .s 
~..)~ 1.t..j t! J} (.$4-J jI o:;,LQ::....1 ~ liJ" ~~J! ~J! ~~.;A .s..::.......,1 e:""'1" 

. r:' . .J,,1 lS" 



lSL.a.9 ~. X ,0.J~u.1.J~ .~~ ~y' ~[(; p : X ---+ x rsV" ~) '.A r) 
.G-wl X ~(;1l> 

J..c x LSj) G ~} ,0.J~u.1.J~ .~~ O)} G) ~~ x rsV" ~) 'f.A~..,.ii 
(g,x) ---+ g. x ~ <S ,x "! G x X ) ~[{; .lS'~ G-wl ~~_G ,x ~ . .xSV" 

..s ~l ~ . l;.;..,~ ,. o~b" L..; (G-wl J ~...s..., (,. L..; .) . f':Y' u • rV" U"!. ~ .. ~ 

!e' x = x ,x E X ~ lSbl,,! (uJl) 

!g. (h· x) = (gh) . x ,g, hE G ~) x E X ~ LSbl,,! C..,...) 

.G-wl G ~w ~ e ').J~ <S 

lS~.;L.A ~L; ~~ ... G(X)) ~~ ~;)y'j ($.~ X rscf Vo) A.A Jl:..o 
) g E G ~ lSbl,,! .G-wl O)} G(X) ..s ..::......,1 ~~ ,u)~u.I)~ .~~ f : x ---+ X 

,u.J~u..I.J~ .g . x = g( x) rsV" Vo) ,x E X 

e· x = e(x) = x 

g. (h· x) = g . hex) = g(h(x)) 

= (gh)x = (gh) . x. 

~ ()g : X ---+ X ~l:; ,g E G}I u.J~u.I.J~ .~~ ~~_G ,x rsV" Vo) f.A ~ 

.G-wl ($.r)~ x ---+ g • x ~L..;, 

'()e = Ix ) egeh = egh 

.G-wl ($.r)~ eg JjJ) eg()g-\ = Ix = eg-\eg 'u..~~ 



G . x {g . X : 9 E G} 

. ..:..-..,1 X jI 

.J.:.r.!r. ~ ~ ~ ~ G . Y J G . x).M J.:J 'f.A,J 

'~rif ).is'G oJ.:.j1;.. ~ wL;1 

1 J; ~1 .(f.1I ~) A~ ~. ~ ~ ~ G . !I -' G· X ($lA).M ()JP: '~if ~~ 

WJ~~ ()IYif 

~.L..; x/G ~ J r::--L;if G ~ X ~GJL;. ~~ 1 ($))r'" ($lAo~J ~~ . ..::.......:.,j 

S:,;).XY cf.La.; x ),lljJ . .)).) .)Y':'J x/G ~ X) ~.x ~[(; .s..:..-..,I ~I) .~.)c5' 

):,.; J~ x/G ($» ~G!'G. IJijiY.,y ~ ~~c5' oL{;T • .6 ~ ()T ($» G .s ~~ 
(J; ($L:;.x ..::.......:.,L{; ~ ~) G ~ X ~(;!l;.. ($~ 1 x/G ,w.J~0!.I.J~ ·(':'.A 

.~L;c5' 

~_G 1 X ,w.J~0!.1 J') .~~ oJ)' G J ~)).xY ($La.; X ~c5' c.?'; ~.A ~.,.:; 
";;""Y.-t x ---+ 9 . x ~lb ~ eg tl:; .g E G f' ($11~ J .6 ~ X ($)) G O~f' .x..L; 

.~~ 

'iT: X ---+ x/G 



71-\ (7I(V)) = {x EX: 7I(x) E 1f(V)} 

= {x EX: G· x = G· y ,V) lSly r:= lSbleJ 

= {x EX: x = 9 . Y ,G) lSlg r:= j v ) lSly r:= lSbld,,J 

= {x EX: x E 9 . V ,G) lSlg r:= lSbl",:} 

= Ug·V, 
gEG 

,G.wlj4 V wy; Iii ,G.wl ~~;I...-A ~. G) g./' ~ ,i,A r.l j ~_G ~y:; "':~ 

,G.wlj4 XjG J~ 7I(V) 6 ~ . .-Jif ~ ~.I)j G.wlj4 71-\ (7I(V)) 

lSbl",: olS'./'.x....~ Or Ly';~ 1 X lSjJ G ~ .J.:,~ ~_G ,x r.s'if~; V.A ~~ 

oS g,g\ E G./' lSbl",: oS J.:,~ ~r..r j4- V x.;L. x))~ ~~ ~ ,x EX./' 

.g • V n g\ . V = ¢ ,g #- g\ 

./' j ,g #- e oS ,g E G ./' lSbl",: o~T ,J.:,4 Or Ly';~ ~}I oS G.wl ~~ 

,g·x #- x ,x E X 

.r.s' ~ r lA~_G .J4J~ lSl~ ~1;(5' Jl> 

71: X ~XjG 

j l..:,.x ~~ 71 6 ~y::,(5' ~ ,J.:, o~J} 4."A JL.) ~ 6 ~ j ~Jli;) .u~\ 

~.I...-A ~ V j x E X r.s'(5' ~; .G.wl j~ ~~ 71 ,6.A r.l "':~ j G.wl <C....y.; 

jI ~I...-A ..5..:. j G.wl j4 7I(V) Iii . .6(5' JJ...:> Or ~y';L; .1 r J~ oS J.:,~ X)4 

• .J~"': .G.wl G . x = 7I(x) 

Jr-\(Jr(V)) = Ug· V 
gEG 

Yo '.J~'~ X) ~Jr...)4lSlA<\.C~..t.) {g. v: 9 E G} k.~ lS~1 )J~ 6 

~L{; u.1 



.c.....1 ~.x ~L{; 1f : lR -- lR/Z ~L{; \ o.A Jl:..o 
lR lSJJ Z J.,,;:: ;$ ~(,$'" c.,),;l, L;.,. ,~ld.:l)} 1 Z ~ c~ G lSG:- ~ ;$ Jl. v.IJ.:l 

~.L..!. oL{;T ,0 < E; < \/'( j;:C E lRJI Ld c-....I Or L~t; x -t:C + n ~L, ~ 

L::..9_Z ~ lR ,lR lSj) Z ~ v.1 ~ j .xS(f" JJ....:;> cJ...Z,w~ .1 r J.:l ,x) (x - c, x + c) j~ 
~L{; . Il;., I,) ,. IJ....:; U:.!.Y. • j :.r" if J'!. • 

1f : lR lR/Z 

.'. ,. -" ~ 1 ... 1 • e.. f 
~ Y" ~ '-" "'t.':-'..t.J . 

. c.....1 j~ p : X X oWL.. ~.x ~L{;.rl' ~.A ~_ aii 

.c.....1 j~ X J') p(V) ~,)if wL..; .J...Z,~ j~ V ~ -,y ~~J.'.j ~if ~; .u~\ 
..1),4; ;$ c.....1 ,)Y':'J" U oWL.. x j~ ~L..!. ~. ,~yt; 4;~ .x E p(V) r.5if ~; 

;$~T).x E p-\(x) n V r.5if~; ·.:ly::,if o';';~.x)~ 

XEP-'(U) UUj 
jEJ 

~;L..!. ~ plUj j Ij~ Uj ..I,) Uj n V WY:' ~ .X E Uj ;$ ~ X ..I,) lSlUj 

U ) lSj~ ~~J:!j p(Uj n V) -.5 ~~if ~ ,(~~ ~~) c-....I U lSjJ ~ Uj) 

WY:' .c.....1 j~ X J') p(Uj n V) IjJ J c.....1 j~ X J.:l U .c-....I 

x E p(Uj n V) ~ p(V) 

~(;iL;,. lSJ).xi X oL{;T '~4 ~Yv ~L{; ~ p : X -- X JI f.A ~ 
',)Jbp~~ 

p-\(U)JI.hOJJI c-....I)~ X) U ~~J.'.j ,c-....I.c....~j~ ~L{; p WY:' .u~\ 

.J...Z,~ j4 



" " .. "l5-; p : X ~ X L ~K; .l5-;T ,~l, ~ ~ X (I 'f.A ~ 
~.x ~ J:::: " Y'.r .. 

~K; ,x jI H Wy /' lS!r. }I ~ ) }I ~I 

plp-i(H) : p-i(H) ~ H 

r-slS" ~; ~~ .~~ x ) lSl,;..ij;. H ) ~.x ~K; jJ r-sv" ~; .u~\ 

V }I .~y:;,v" .~~.x p Ly.J~ .Jyb,,: .s ~~ .1' j~ ~~ ~ C ) .r E H 

H .J~ ~.J~.) X .J~ V ,~I ~ ~Y' X 0.Y:; .~T.~~ .r J..L [' ) lSl,;..ij;. 

u.!r.~ .~y:;,v" .~~.x plp- i (H) Ly A~""" .J.,b,,: l~ 05 ~I L:"""i, ~~ .~I j~ 
.~I ~.x ~~ plp- \ (H) 

plp-I(H) : p-'(H) ~ H ~K; ,X) H W;../> t.>!r. r-sv" ~; ,~~ 

1~",.s~l,H ~X'I,r'l, i(·~U ,'<: .~",xEH (I.~l, ",' ""l5-; .JY' . ..J.J v.J. (.$"'':. Fv" v-~ ..r. ~Yv ~ 

.J~ H ,~I ~ ~j-4 X o5~T) ~ .~y:;,v" .~~.xplp-\(H) Ly.J~ 
'~rv" .~L.x p Lj'.J~ .J.,b~ 05 ~I ~».) ~I j~ X .J~ U IjJ .~I)~ X 

.,L,.JlS" .:..l;1 ~ ~ ~; 0:',1 ~ .~I~.x ~K; p 'u.1r.~ 

.~li:....,1 p : ~ ~ Sl ~.x ~K;) .).J~ .D 1 (\.V r1.J~ .J"s'i.) &; (*" J6. 
.-J:,~ .. ,'", I ... "K;'I . <: ~ v,' '" ,(J..:......... 1 A 1 -~ \ JL.) ,;,..,: r" v" r-""" ~.x lS'T"""" .J lS~ (7. .. .... 2J ~ 

.c...., f: Y ~ X ~K; "', p: X ~ X ~K; ,'<: ... A.A ~ .Li J:::: .) ~.x Fv" ~~ .. J-

.pJ = f 05 ~I J: Y ~ X J.:,;l..lSl.c....,.J::-; ~~ f e,j ,.:...J~u.I.J~ .~~ 
.~I ~;~~.:.... ,~~ ~Y':j-4 ~;)'I .D ~lS" lS~ ~.J~ 

&;.)~ h,fr : Y ~ X lS~l5-;.) ~Yvp: X ~ X ~K; r-sv"~) if.A ~ 

.s,;,..,:~ )r,j-4 ZJ~ Yo E Y ~ j ~ Y ~v"~; .)~"'. .~~ f: Y ~ X 

·h = fr ,u.JY""'0:',I.J~ ·h(yo) = fr(yo) 

YI = {y E Y: hey) = frey)} 



~ -' j~ ~ Y\ ~l..>" c..: t 'Yo E Y\ !x.j ..::.........1 u+t Y\ ,uJY"""(i1 J;) '~l..>" ~r:: 

J~ J}>"-! oS ..::.........1 ;)~y f(y)) V x.;L. LSj~ ~.L...A, olSvT ,y E Y )'1 . ..::.........1 ~ 

,~r:: "-!~ IjJ) .;)y::.,l..>" • ..,\;~Yv P ...b.....,j 

p-,(V) = Uv; 
jEJ 

• ..::.........1 ~.;L...A, plV; : V; -+ V ~lSv .j ~ LSbl,,-! -' V; n Vi = 1; .j -::f. i LSbl,,-! oS 

~~ oS ~~l..>" w~ ·f\(y) = frey) E Vk 'LSlk LSb l,,-! .lSvT.y E Y,)'I 

F = f,'(Vk) n fr-'(Vk) 

. ..::.........1 Y,) LSI~~.x.j -' y) LSj~ ~.L...A, 

~-' h(x),fr(x) E Vk ,uJY"""u..IJ;)'x E F ~l..>"~) 'J);..:..u..~ 

·h(x) = hex) ~ . ..::.........1 ~.;L...A, plVk ~lSv wy:; ·P!l(x) = ph(x) 

. ..::.........1 j~ Y, 1.iJ -' ~I Y, r,}))~ A.h:;.; ~ Y\ A.h:;.; ~ t$ r:.~l..>" ~ ~; u..1 "-! 

~;, "-! ·h(Y) E Vi -' h (y) E Vk ,k -::f. l 6 LSll -' k LSbl,,-! .lSvT 'Y if- Y, )'1 

~ ~ t$ r:.A ~ ~I;l..>" "-!~ 

~ Y wy:; .~ y;, ~ Y, 1.iJ .~)~)} Y, ~ J~ oS ~I Y j~ ~.L...A, ~ . 

. J...,Jl..>" w~1 ~ ~ ~; u..1 ~ ·iI = fr u..!Y.~ -' Y, = Y oS r:.,Jl..>" ~ ,..::.........1 

~L ~ X ~ h.' p: X ----+ X ~~~< · .• tJ.A L...aJ -' . . LS~ LS -' ~Yv rl..>" tr'I -

.5 ~I ~~y w~ p(X\) ~ p(Xo)) X J~ f x.;L. LS~ 'WJY"""u..IJ~ .xo ,x, EX 

..::.........1 wi .. ' p* (J.....:........ I "1' LS.;) f'l I -l> .. ' <: <P L.wl ~.~ <.f.. ~.rA -' ...... V .J ~ ~ . ..r'!. f ... .J 

.(~ 1 r.1' ~r::) 



'.r~)I b.)i.Q::....,1 ~ 'U.J.J'""ul.J.) . ..J,...:,~ X\ ~ xo)l X.J') tS..r.:--> 9 r.5u-" J» .w\;.1 

UJ .~Ju-" ~.)~ 7r\(X,X\) "! 7r\(X,X o))I <Pg J;.;l.. ~.~. ~ 

<Pg7r\(X,Xo) = 7r\(X,X\). 

e t~· ". Abl . t I * LJI .. ' AI Jb ~.x.-' u-" ..P-' .J') 0Y .!J tY.:J..to .f. !J P r$.. ~ y<>Jt> .J' 

P*<Pg7r\(X,xo) =P*7r\(X,x\). 

1 j~ .).JY ~1) ~I p(x\) "! p(xo))I X.J:l tS~ f bL{;T ,f = pg ~~ }llil 

.J.....,.Ju-" u~1 "! ~ ~; u l "! '~.J}u-" ~:l~)I~)I 

cY..~ 
h· 9 ~ J:» ,g E G) hE H }I . ..J,...:,~ * ~ ~ G b)})1 ~)}.xj H ~ J».' 
~ ~J !)ri,f ~~ G c.s» H tS);. ~~; 0:'.1 ~ .s~.) .:,L..; .~~ h * 9 .:,~ 

.(.J..:S'u-" ~ G tS» H 'W-:.Y; u l 

W-:.~' ~ ~ ~t .~~ G tSlA,~ ~ ... .o ,[,.j' b.).J ~,L..; S( G) ) b)} G ~ J:» . r 

g. U = gU = {gh: h E U,g E G, U ~ S(G)} 

.Du-" ~ S( G) tS» G 

X --+ g. X ~~ ~ 8g tl; ,g E G /' tSbl,,! ~ ~t . ..J,...:,~ ~_G ,X ~ J:».f 

.~I ~.)~ "! X )I ~;L...A ~ 

w k. e .. J.J>.) . L..; .~l ~_G ..s., X . ~l:.::.. . ~ f G J..:S ..... 'f C! ..r..r.,~., u . ...) ~ ~)..r .. c..r'..r 

7r: X --+ X/G 

.~I~~L{; 
.;.,:$ . ·.X c X ~l ,', A .. ',L{; p : X --+ X ~L{; J..:S . . .~ .. c..r' ~ 0 - ) • ~ Y. (f""" .. c..r' ~ 

,PO (X) = p(x) .:,T.J:l .s Po : Xo --+ Xo ~L{; ~!) wL..; .Xo = p-\(Xo) 

.~I~y'~L{; 



)."JJ;;) • L:...; . .x..::,L "" I ... "It q : Y --+ Y p: X --+ X I ... ',L{; Jv:S . ' .r .. u . ~y. r.f.,~ ) LS'T-'.. r...r:>~ 

~L{; 



.c......, - AK; <'I,~I., ~K; f: x -----+ B p: E -----+ B ~.~\ .' '.~...l. .. ~ c..r"".r. ) r::-if r.r ~ .. fJ 

e:; E <I; 01iif 1 f ~}if .K;T ,pf' = f oS ~~ ;)y;.r 0~ f' : X -----+ E ~l.. 

,~I.;c.s" (E <1;) f e:; 1 f') ,;)b 

,~Ij~ ;)J.r LS".\;"u G r*" 4...;,y LSlr.LS~ ~~ 

e:; J),j p ~}if ,wJJ'""U:',1 J;) ,~~ ~K; p : E -----+ B r-sif ~) ". '\ ~.rJ 
~ LSbl<l; .l5.,rl> ;));) x LSLaS <I; ~ lS-,y.,.-i" 

F:XxC-----+B ) 1': X -----+ E 

~l.. ~[(; ,x E X ,F(x, 0) = p(f'(X)) cJJ..) ~ 
F': X xC -----+ E 



.pF' = F J F'(x, 0) f'(X) .;:c EX/, I.Sbl~ as ..>..:,~ :'7':"" J:r..J (t.1 ~ 

..>..:,~ X <\; ~ (,$!.j.,..-"" ri; J:x.J 1.S1 b p: E B ~[{; ~($" ~j \.~ Q..j 

}I ~I E <\; ri; J-I.; h ':"'JY""'(t.I J:, .~~ ~j.,..Y' f"h : X -'> B I.S~[{; J 

• ..>..:,~ E <\; ri; J-I.; h }I .hi; J 

.~:, ,!J1111.S~Jt ~.r:; ~Ij($" JL,.. 

1.S1b X 1.SLa.9 /' <\; ~ P .l$'/, ..l.:..o~($" LS~)\:; 1 p : E -'> B ~[{; 'f. ~ ~~ 

E 1.SLa.9 . .x...l;($" \@))y. !.?)\:; LSW .:..,1.;)1 U>-.Ii 11.S~JIJ . ..>..:,~ (,$!.YYY' ri; J:r..) 
. ..l.:..oL;~ p t$~Jt><I;.~ IoSW 1 B J J5 IoSW 1 

)'G 1 p-\(b) ,b E B /' I.Sbl<\; .~T . ..>..:,~ I.S~Jt p: E -'> B ~[{;}If.~ ~~ 

. ..l.:..o~($" b loS)) 

I.S~Jt P '''::''JY'''''0'.IJ:' . ..>..:,~}.x.~ ~[{; p: B x F B r.s($" ~j \.'\ J~ 

.~I ~)~ F ~ b (.$» Jl'; .b E B /' 1.S01<\; o)"';}..;:.<\; . ..:.,.,....,1 

<\; B J~ (.$~ ti.;; (.$~ ,ll,:;($" I.S~Jt) ,JJ:,~($" ~L.::..; I.S~ ~ as .;,}~w 
.~.? .~LQ:....,I E J:' 1.S..r.:-"'" 

f( 0) E peE) J:r..) ~ B ..I:' f ..r.:-"'" /' .~T . ..>..:,~ t$~):; p : E ---+ B }I ,. ~ ~ 

.:,/:, ri.;; E J:' 1.S..r.:-"'" "'; ~Iy($" 1 

.;..:.;!... ~Y""Y' c..S.:. "::"J~~ 1 f .~~ 1.S1.J..;..;..s; <$!.~ p ~(f" ub.) . .::...\.;;I 

Pl:;;... p(eo) f(o) J:XJ ~ eo E E ~ CJT J .) as ~~($" ).;..1:' f : P xC ---+ B 

P .p(f(a» f(a, 0) ,a E P (.$bl<\; ,s I.SJ),"'; ~J P -+ E .x..;L. ~~ ~ 

,6 ~I :'y:;y wl:..::- E J:' 9 J.;.;L. (.$~ l..il -' ~.J/:, u;YYY" ri;; ~..t.) ,~I (.$~):; 
. .)....,J($" .::...L;I ~ ~ ~; (t.1 <\; .~I f ri; 9 .(t.~~ .pg = f J g( 0) eo 

:>;~ ~ '!~ ct} .Y 
~[{; ::.)",,~~; J:r..:; ~l$'.">":' J....>l> r.A ,JJ::' aS1 ~Y., ~[{;) ~t.;.. 

. ..l.:..o~($" ~.x 

l. Hurewicz 



LSlb. ~ LSlY. bLS'.;A ~)~ :;)t4. ~ ,,?:r.:--" ~.; P : E B ~~ ~} ~. ~ ~....,..:; 

·f 9 ~~ ~I~ ,f( 0) = g( 0) J pf pg.s E J~ 9 J f 

.J..:,~ ~b .l)~ ~ c,s~ ri; p : E -+ B ~~ r,SU"" ~) Y.~ rJ 
. .lJb .l)~~ c,s~ ri; J:r..J ~LS~ LSlb.l.Aj LSlY. P ,uJ~cY..IJ.l 

~~ I,·· ,.~ 'l.;,;,. f 9 : Y -+ E 1 ," h~ J..:,~ J:.....,..Jt, y .~< .' .U\..:\ . cf.. "r"" U. , LS '"t'-' J . . LS~ r=-U"" '-"" ~ . 

·f = 9 6 ~~ w~ J.:.~ ·fCyo) = g(yo) 6 ~~ w~ Yo E Y ~" ,pf = pg 6 

wT cf..lf:;1 J (.S7.1~1 .1l:i; .s ~~ y J.l <.S~ h J Y jI ~~~ ~ y r,SU"" ~) 

~ ri; ~ J.l.Y' .~.J'U"" fi J.l E J.l 1 gh.) fh ~ J.l .~~ Y J Yo ~;~ 

'.lJb .l)~ ~ '!~ ri; p wy; .~I ~ J.l.Y' br A.b;; J ~ B J.l ~ 

cY..lY.~ ·fh = gh 6 ~.J'U"" ~ 

fey) = (1h)(\) = (gh)(\) = g(y) . 

. J..wJU"" .::...l;1 ": ~ u..lY.~ J f = 9 ,..:: .... .,1 b~.l y E Y ~ WY:' 

. ..u..lU"" w~ .l)": ~ c,s~ ri; j LS~):; 0::-! 1 ~t;;) LS~ ~ 

b ,~;": ~ '!~ ri; ~ LS~JG ~ P : E -+ B ~~ r,SU"" ~; .u\;.\ 

~~ p-\(b)J':> t..r.Y.,~ 9 ~U""~; .J..:,~ p-\(bL)GJ.l LS~ f j ,B)I LS~ 

1.iJ j f = 9 ~.~U"" ~ ~I]I j pf = pg ''::'''J~cY..1 J':> ·f( 0) = g( 0) .s LSJ.,b": 

.~j (£Y., LS~ f 
~ wI LSlb.};]I ~~ .5 J..:,~ LS~); wL; P : E -+ B ~U"" ~) ,~~ 

·f( 0) = g( 0) j pf = pg 6 LSJ)o~ ~~ E J.l cf..lb.~ 9 j f j ,J..:,~ ~I.).; (£Y.,..xJ:. 



~~ ~ 1J:::' c..s~ ht ) tEe r.s(5' d') 

{

J((\-rx)t) o~x~~ 
ht(x) = \ 

g((rx-\)t) "f~x~\ 

.~~ 

~ c..s~ pht eS r: 1o :::'J } ..:.......,:::.~ 0~ 1 g(t) ~ J(t)) E J:::' ht ~ ~;u..~ 

'.. ? tl.Jl. ~l...s....," C tI.J" • p(J(t)) ~l l l £ ~l B (? J' IS" J!.) . .' . "vY Y' Y" . "-'7-' .. v . ex ~ . . J:::' 

~~ .c...::,1:::. £..:.......,1 :::'f:Y' 0~ P': ex C --+ E ~t.S:; ,p (5,jY'Y" 

P'(t', 0) = ht(t') 

'd'} ~~ .:::.)5.:.; p-\(p(J(t)))JG' ~ 1 (0 x C) U (C x \) U (\ x C) d.c~ pi) 

~ 1 \ xC j C x \ j 0 x C c..si.A~~ P' u..ir.~ .:::.).>,; ex~ ~ p-\(p(J(t))) 

u..ir.~ .P' (0, 0) = pi (\, 0 ) ~ .xS(5' .,..,~I u..1 j :::'Jt.S:;(5' ~ A1.:i.; ~ 

·f(t) = g(t) 

.J.....J(5' w~1 ~ ~~; u..1 ~ 

Ji;.r.~.x c..s~t.S:; c..sir. ~~ J) '>';Ji;.r. ~~Jt c..sir. eS ,1 c..s~ c..s~.L..; wL;1 

'r'.J)T~ ,~ 

... l .x., t..s.. .>,; I:::. . tI.J' ... £ I • .x., t~ .. 'f ~ ~ 
c.}~ (?J' . c..s.J .. ' 'J :::'..;3.~ <,5~ (?J' ($."t.' .. J ... '..J" .. 

. ..:.......,I~;~~ 

r:;; ~ c..s~Jt ~ ,.>,;):::. ~)~ ~ c.}~ r:;; eS ($.l+..~Jt '7'~l> f. ~ ~ 

. ..:.......,I~)"-!~c.}~ 

j)~ U'~.;.:--o j ~..\.:....')J .~ 
.r.s(5' ..;11J!.) 0JY""'~ .>,;)~ ~;~~ c.}~ (:); £1 t$.4:-.~)j <.r"'u ~ 0ySi 

,~~~}~~s>~r:;;~c..s~Jt~p: X --+ x ~t.S:;r.s(5'd';~.~ ~ 
.f <"V 9 ,wJY""'0:'.IJ~ ·pf rv pg) f( 0) = g( 0) eS c..sJj,~ ~~ X J~ ($.i.A~ g) f ) 



F(t,o) 

F( 0, t) 

p(j(t)), 

p(f(O)), 

F(t, \) 

F(\,t) 

p(g( t)) 

p(j(t)). 

0~ F' : ex C ----t X ~l5.; Ii!) .)).) '.fviyy.~; J:r..) ".::. .. .....,1 <.$J.:..:):; p 0>"'; 

tS ~I ~.Y':"y 

F'(t , 0) = J(t), pF' = F . 

. ..)j)~); p-\(p(j(\)))) Jr\(p(f(o ))) j~ ~;~ F'(\ X C)) F'(o X C) UJ 

.~ <.$1.Ja;....5.; F'(\ X C)) F'(o X C) ,r.~ 

) h(o) f(o) tS ~I <.$Ih.r.-') j ~ A ~ ~ '.fviyy. ~ pi ~j.) 

r:'.~(5" ~ P .);~ ~ t,S.r.-'~; J:r..) ~~ Ii!) j( 0) = g( 0) JL:,. .ph pg 

.J.wJ (5" w~1 ~ ~ (i..!x~ .F' : J rv 9 J 9 h tS 

~~ i$.~l5.; 0~ F : Y X C X ) f' : Y X <.$~l5.; ~(5" ~; . .:...\.;\ 

~l.......;, ,y E Y /' <.$UI4: ~~ 0l..';;.; ~~ .F(y, 0) p(f'(y)) ,y E Y /' <.$UI4: tS 

tS ..)j~.Y':"y 0~ F~ : Ny X C -,y;:..;L. ~l5.; J Y J.:l Ny ;:..;L. y)1 <.$)~ 

.:....;:,G . lo"'~ 1 0 e~ .' .) _ .. ~\ .' L .. j.?'U~.~ )~'!. L.r.:"""; Y')F(S'lT'~ Y 

,y" X C <.5~ jI c..ilf..:,LS:.; F~/ly" X C J F~ly" X C .l5.;T ,y" E Ny n Nyl )'1 

dEC /' LS11~ tS <.$J.,k~ ~ X ~ ,~I ~ tS 

p(F~IY" X C)(y", t) = Fey", t) = p(F~, Iy" X C)(y", t). 



(F~[y" X C) (y", 0) = f'(y") = (F~I[Y" X C)(y", 0). 

F~ [y" X C = F~I [y" xC . 

.s ..:.......,1 ~ . l:.:.. F' : Y X C -+ X .x.;l.. eC..w .• ,. ~ .s ~~ . L.:..; I· I :J"':Y u • )::; ~ L..>" u lS..r.'.I. L.Y.. 

.F'(y, 0) = f'(y) ,y E Y /' lSbl~ -' ..:.......,1 F ) ~; F' IjJ -' F'[Ny x C = F~ 

.~~}L..>" j~ Ny j~ lS~~ -' F~ <.>~~ ~L ~ ~ 0~1 'u..!r.~ 
Ny .x.;l.. y) lSj~ ~~ ,y E Y }I c.r-; ,~Io~~ C -' ~Y., ~~ P wy: 
}I 6 .x,~:J"':Y w4- 0 = to < t\ < ... < tm = \ .x.;l.. C ..1L;.;) ~l:.::.,. lSl.J~~-, 

.1.....,.;;.J~ .J),~ .$ X ) lSj~ ~~.J~ F(Ny x [ti-\, til) o~r ,i = \, i, ... , m 

lS~.J:>.-' ~ F~ : Ny xC -+ X .x.;l.. ~~ r.s'L..>" ~~ .~~),,:9 '~rL..>" o.x,L::,Y., p 

. ..:.......,1 ~Y."Y j~ ~.JY 

lSbltt: ,1 Gi : Ny X [ti- \, til -+ X J....:...ilo <..;!.~L5..; ~~<..>" .J.~: .. 4U7.~ 
.$ lS.J),"-! r.s' w.:.~ i = \, i, ... , m 

G\(y', 0) = f'(y') y' E Ny 

Gi-\(y', t i -\) = Gi(y', ti-\) y' E Ny 

F~: Ny x C -+ X 

~~ 0.J>-""u:.1.J~ -' ,i = \, i, ... ,m ,F~ [Ny x [ti- \, til = Gi .$ lS.J),"-! ~)~ ~Y."-' 

,0.J>-""u..1.J~ -' r:j~ 1 Gi lS~~ ~~ o..f>.;J~ IjJ .~.Jb 1 j~ ~.JY lS~~-' F; <$ ..:.......,1 

.J....w ~I· 1..;;1 .... 0~1 .. '.J :J> r' . . 



')~u.~ .~)L<..r 1 G \ ~~ I..l:.:f ,(,:,.)L<..r i <.Sj) );::...,1 ~ 1 Gi <.S~~ 

J ,;)y:, .~L.x p .1...,; JIy..A J,,1~ ~ ~~ X )1 <.S)~ ~~J.'.) U r.5<..r ~; 

~<..r~; ~ .F(Ny x [to, t\l) <;;;: U 

p-\(U) = U Uj 
jEJ 

p ~~ ,j ..I" <.Sbl~ .s <.SJ,,1~ ~ X )I <.S)~ J Jr:.... <.SlAU:~"'_d lAUj ,) J;) .s 
}I ';)J~<..r U <.Sj) ~ ~.;~ J,,1~ 1 Uj ~~ 

~~ 1 G \ ~~ JI.:,.. .x..:L.x<..r 1 Ny .s ~ cs.Jr:....)~ <.SlAu:~ ... lA Vi .~T 

J ;)JK;<..r Uj ~ 1 Vi x [to, tIl ~~ ,j ..I" <.Sbl~ .s r-s<..r ~~ <.S;);~ ~ 
.;)y:,<..r ~~ G\ ~; u.1 ~ .c.....,1 F[Vi x [to, tIl ~; 

~~J.'.) U' r.5<..r~; .;).,.::, ~.r:; G i -\ ,\ < i ~ m <.Sbl~ r.5<f'~; Jl.o. 
J ;)r .~L.x p .1....,; JIy..A J,,1~ .s ~~ x )I <.S)~ 

~ x)I <.S)~ <.SJr:.... <.SlAu:~.x.) l.P.U£ )J;) .sp-\(U') = uu£ r.5<f'~; 
';)J~<f' U' <.Sj) ~ ~;~ J,,1~ 1 u£ ~~ p ~~ ,k..l" <.Sbl~ .s <.SJ,,1~ 

r.5<f' ~; 

1 Gi JI.:,.. .x..:L.x<..r 1 Ny .s c.....,Jr:.... j~ <.SlAu:~ ... )I <.SI~I;); {V£} ,wJ~u.1 J;) 

U£ ~ 1 v% x [ti-\, til ~~ ,k..l" <.Sbl~ .s r-s<..r ~.Y:; <.S;);~ ~ ~~ 
.':-J(5" ..;;..t;1 <l; ~ ~; u..1 "! .~I F[V~ x [ti_l, til ~Y J ;)~~~ 



lb,,w' yL.::.:..1 p(E) 0 Gvt .~~ LSJ:,.., I:; P : E -t B ~~ 0 ..... ~ rs!. Y L' .....J .. ~.F 

.c.......IB)~LS~ 

.~~ ~LS~ lb,JI:;) ~) ~~ ~I.'l ~LS~ ~~ LS~JI:; ~ ~ J.;S ~; . f 
.c.......1 J.:......,..j!" ~ ••• T I( ,~L..ai 0 Gvt 

. '-"~.X:' U Ui""' '-" .. . 

.F = p-'(bo)) ,bo = p(e o) ,eo E E ,~~ LS~JI:;P : E -t B ~~ J.;S~;.CJ 

~J)J. 1f\ (F, eo) -t 1f\ (E, eo) ~~ ~.'l z.,L; .~~ ~d."" B J.;S ~; 

.c.......1 

..::...:t .~~ ~o.'lL E) ,bo E p(E) ,~~ LS~JI:; p: E -t B ~~ J.;S~; .~ 

.'lY>:Y p-\(bo) ~LS~ LSlb,...;J;. ~~) 1f\(B,bo) ~ rs!.Y"").'l ~~ J.;S 

.c.......1 



~~ ~lS'f'" .x...L;(.,5"" ffi.n IS'»':P ~..I.11 (p ~ n)ffi.n ) HP ~~.J:!) \. \0 ~."..:; 

t$ ~~ ~Y;-Y' .;4 a o E ffi.llU; -' lai E ffi.n ,{a" ay, ... , ap} ~~ 
p 

HP {X:XEffi.n,x ao+I:>ia'i,tiEffi.}. 
i=\ 

~1ji(.,5"" IjJJ.x$(.,5"" ~j 1 V)l:... .lRn)l ~ ~L..a.O.J;'.j {a\,ar, ... ,ap } ~~ 

~Y-! 

HP a o + 1l 

.V E 1l .;T J~ t$ ..;:......,1 a o + v ~ ~ <$.lJ,)~..I. ~L.:i) ~ HP J~ J 



j\ 1lRn ) c.1.A.; p + \) ~ ,p ::; n ,s = {a o, a" .. . ,ap} ~~ r. \ 0 ~~ 

ap-a o , ... ,ar-ao ,a\-ao ).)..1. p .l5'.rl' .x....l; ~QLr"~ ~ ~ Lr"~ 1;0-..1 

.~~Ji:......~ 

.)f;"Y lRn .J') ,~~ s J..L. .s .))"! ~ (.$.hJ.p ~~) ~ . .s ..1: . .) r"'1y.1.hJ. 

.rs-U-- W r (.$;".) ~ W.Jr"! 1 Ji:......<..>'"".l:.A ~ ~ ,tS.hJ. ~.J') . ..::........1 

}1.1:i;.,}I..::........1 ~ c..>'J:..>, J;~J) s = {ao,a\, ... ,ap} ~~ \.\0 ,J 
..1.:1.,.) 

p p 

.rl' tSbl,,! .s .;;;$ y~~1 I: Ai = 0 ., I: Aiai = 0 ~b) rs-lS" d'; . .::...\:;.I 
i-== 0 i== 0 

ap - ao , ... ,ar - ao ,a\ - a o <.$lA.Jb..l. -s r"'.)l>" ~L; .Ai = 0 ,i = 0, \, ••• ,p 
p 

w.Jru..I.J.) . I: Ui (ai - ao ) = 0 rs-l>" d') .J.:IJi:......~ 
i=\ 

p p 

"!~ JjJ) I:.Ai = 0 U,!r.~ .Ai = Ui ,i = \, r, ... ,p<.$bl,,!).A o = - I: Ui ~Tj.).s 
i=' i=\ 

,i = \, r, ... ,p <.$bl,,! U,!r.~ .Ai = 0 ,i = 0, \, ••• ,p <.$bl,,! eS ~y,Sl>" ~ d') 

.r.sl>" )i5'~ • .-.:.;1;.. "! 1 ~ ~ wl;1 .Ui = 0 

.~~ Ji:...... c..>'J:..>, J;W ) {a o , a\, ... , ap} ~~ .... rs-l>" d'; f. \ 0 ~~ 

~ "! lRn 
) ~lAx ~l..:;) ~ <.$.hJ.p ~..I. I ,w.Jru,I.J.) 

p 

X = a 0 + L ti (ai - a 0 ) 

i=\ 

. .)rl>" a.)/.) ~~ 1T(S) ~ .ti E lR ,i = \, r, ... ,p <.$bl,,! ~T.J.) .s 
• ..::........1 ai.rl' J..~ 1T( s) .s ..::........1 ~~ 



.~~ Ji:...-. Cf"J:J> J;W) 8 = {a o, a\, .. . ,ap} ~~ ~c..;" ~.; Y.' 0 r-.l 

x E IRn.;.;.;i... J:>li; I~ ~~ ~~." ~I ~.;~~-' 8 J.L=, 11"(8) ,..::.,J."....."u.IJ~ 
uJ.".....,,~ .s..::.......,1 

.~l., ., L..; 1[:9 . tr:. Lf! 

.J.;~;~~';" Ap , ... 'A\ 'Ao G:tJ.'.~li. ,x E 11"(8).;A tSbl~ U/J"! • .,,'k:. 

p p 

u.1l:.: . L Ai = , IjJ." ,Ai = ti ,i = " r, ... ,p tSbl~." Ao = , - L ti ) J~ .s 
i=o i= \ 

.~Id~ ~L..; P ~JY' ~ ~ 1 x 

J~ U.ti ,,..l;I~~ ap - ao , ••• ,ar - a o ,a\ - a o tSu.)~.r. ZJr: 
• p 

.J.;~;~ ~ U,Ai Ijj." x = ao + L ti(ai - ao) 
i=\ 

p -< ~ p p-< 
~ J~ -' ,Ao = , - L Ai .l5-.;1 'L Ai = , -' x = L Aiai)'1 ,~~ 

i=\ i=o i=o 

p p p 

x = a 0 - L Aia 0 + L Aiai = a 0 + L Ai (ai - a 0 ) 

i=\ i=\ i=\ 

1 Y.'o ~j-~Jji. Ap , ... 'A\ 'Ao G:tJ.'.~li. ,x E 11"(8).;A tSbl~f.'o ~~ 

. .x.....L;c..;" (a o , a\, ... , ap ) ~ ~ x t5"K;,IJ,.::...~ 

~~}I .J.;~;~ ~ ~~!?' u~ .s ~rc..;" ~ r. '0 ~ u~l)I 
r::-:~c..;"J~ Jj yJLb..) .l5..;r ,~~ ~ <...>""J:J> J;W) IRn J~ 8 = {a o, a\, .. . , ap } 

" " ) ~ ,i = 0, ', ... ,p 'Ai(X) .;.;.;1... tS~;~ ~ ~~15 ..::.,~ x E 11"(8 .;A .s 



LSj) Ai(X) /' ~ ~.)(f" uL:,; Jl,.. .~In(s) LSj) )..(i.~ ~l:; Ai(X) 'u.!r.~ 

.~I 0::...., n(s) ~ 

.~~ Ji:..-. cf"J:J., l;i.;..J)I s = {a o , a\, .. . , ap } k~ ~(f" ~) ,., 0 ~ 

~ x L>"'~l.$ w~.i = 0, \, ... ,p ,UUi(X) ~(f" u"')'X E n(s)/, LSbl~ 

.~I.c:....,~ n(s) LSj) Ui(X) /' ,wJY""'u.IJ.) .~~ s"-! 

k~ }I ~ [,:,.r(f" ';5:.... .~(f" e-.:i; n = p .:;.Jl,.. LS!r. 1 ~ I~I . .::.,~\ 

~1.)ILSI.r. .nCs) = JRP .[(;T .~~ Ji:..-. JRn J') cf"J:J., l;i.;..J)I s = {a o , a\, ... , ap } 

·.)r<f ~ \. \ 0 r1)1 ~.:lL, "-! LS~ r1'[,:,.Jb c~1 J:'.j r1).:l "-!w~1 

det (s) = 

a \ a'( aP
p p p 

Ji:..-. cf"J:J., l;W)I JRP J.:l s = {a o , a\, . .. , ap } k~ ~(f" if:» f.' 0 ~ 

.i = 0, \, ... ,p .lAAi(X) .nCs) = JRP jl x = (X\,x"{, ... ,xp )/' c.sul"-!) ~~ 

'W . I .) .~L s '" c.........; x . ~K.;I ? w~ (hI....; '.JY""'v.. J .,. ,->... 'J-' ~ 

.( ) _ deti(X) 
A2 x - det (s) 

Jbf. ~ det (s) fli..L ~~ ~ det (s) )I J-..:>l.. ul.:.::--y:i.) deti(X) uT J') eS 

.~I (X\,x'(, ... ,Xp , ') 



.~I ~~ Jr(S) =]RP t..SJ.J Ai(X) cS~rcf ~ f.\o~) ~)~ 

J;) s={a o, a" ... , ap} ~~~cf~; ·~ . .xJcfj,;J;)1n>pJ5c.J~ J~ 
ap-a o , ... ,ar -ao ,a, -ao t..Sl",Jbf. ,~r:; ~~ . ..J....:,~ ~ ($'""J:..A J;L:.-J)I ]Rn 

~~ AS .;w;)Y':"Y' w4 bn , ... ,bpH ,bp+' J,w...;) .;wl~~ ]Rn J~ 

<...>bl,,-: )'1 . ..L:~ lI~n t..S!r.t..SIA.;.~ {a, - a o ,ar - a o , • •• , ap - ao, bp+" ... bn} 

~~ .~I ,ai = bi+ao r.~ ,i =p+ \,p+ r, ... ,n 

.~I ~ ($'""J:..A J;W) ]Rn J;) 

~~j} u~ ,i = 0, \, ... ,p ,lAUi(X) ,x E Jr(s) ~ t..Sbl~ r-scf ~; 

,l",Ai(X) ,1f(S') = ]Rn ) x ~ t..Sbl~ r-scf ~; ~ .~~ S ~ ~ x 

~ is ~.xJcf~';:'; f. \0 ~) .~~ Sf ~ ~ x ~~j} u~ i = 0, \, ... ,n 

<Ui = Ail1f(s) ~Jb ,.;.;;);~~ ~~j} u~ w.J"; .~I ~~]Rn t..S)J Ai(X) 

·J.wJcf u~1 ~ ~ 0:'.!f.~) ~I ~~ Jr(S) <.S» Ui(X) ~ J;) 

JL....::-I ~ .~I ,..J....:,~ ~ ($'""J:..A J;W)]Rn J;) S = {ao,a" ... ,ap} ~~}I 

.~I ~ ~~j} u~ ... ~ Jr(S) ) t..S1~~.J:'.) l$"'~ -S:.l.,_p d wljcf 

.~I.J:'.) uJ~~ wi ~;) ~r:; 

~ ($'""J:..A J;L:.-J)]Rn J;) S = {a o , a" ... , ap} ~~ ... r-scf ~; D. '0 ...A:~ 
~. sp ~ cS S .h...,j .J..I~~ (-S:.l.,_p <jL.a::.;.1 ~ ~J l$"'~ -S:.l.,_p ,uJ~u.IJ;) . ..J....:,~ 

~ ~1.J'!!f. ,;)r<.5" d;) ~.L,.; (ao,a" ... ,ap) 

Sp ~ {t '\ ai , t Ai ~ \, 0 < Ai < \, i ~ 0, \, " , , p } , 

~ l$"'~ -S:.l.,_p . ...\:...1.;<.5" )". l$"'~ -S:.l.,_p u19)1 t..SJ~ 1 ($'""J:..A ....s~L..._p 

o :::; Ai :::; \ .1r 0 < Ai < \ .1r t..S~ ~ ~.I)~ J.:.:SL>" ~r:;~)) ~ ~ 1 
~ 101) ,.);.A~lS" J); 1 



~)~ ,3 = {ao,ad..wL. ,~~ b~ ~..i.l::..~J~jI ~;$ ($1l\.C~ 

.~I ($~~ ~~L a, J ao U:':: ~~j~ O)~ .~I ~ c.rJ:j, J;W) 

~ c.rJ:j, J;W jI,n ~ r .n~n au; .....,) ~ 3 = {a o , a" ad 4c~ 

($~j;) ~;}L ~ 0:1 cJ»;} ~l; .~~ ~ ~ U"YJ J,li; 0:1}1 ~ J}I ~I 

.~I 

c.rJ:j, J;W) ,n ~ i IIF£.n ~.J~) ~ 3 = {ao,a"ar,ad 4c~ 

~»~ u..1 ,.j»;} ~l; .~~ ~»~ ~ U".YJ J,li; 0:1}I.hO»)'1 ~I ~ 
.~I vJY""" ~ ~ ~.):r.;, ;}),,, ';~.J~ .~I ($~ i ~)L 

.~I o.h;.; ~ ~ ~)~ ...);}L_o ~ 

U:':: ~~ ~ 6j~ s, b~T ,~~ ~ c.r~ .l;WjI 3 = {a o ,a,} 4c~)'1 

.~I a,.) a o 

~ ~ ~ Sr .K;T I~~ ~ ~J:j, J;W) 3 = {a o, a" ad 4cJA":"...4)'1 

.~I ar .) a\ ,a o U"Y.J 

~.1J~ Sr .K;T.~~ ~ c.rJ:j, J;W) 3 = {a o, aI, ar, ad ~~}I 
.~I UJ~ ~ ~ ~.) ~ ;})y ~~.J;} .~I ar.) ar la\ lao U"Y.J ~ ($I~ .x.Y 

Sp ~~ 1 ap .) I ••• la, ,ao .K;T I~~ (a o, a" ... , ap ) "');}L_p ISp}I~.' 0 ~rJ 

.J.:...l;(f' Sp (($~) ~ 1 p .) 

~ ~ . .. .J 



{o, \, ... ,p}]I u-I~~.x.j {io, i" ... , id ) ~~ ...))L_p .sp}1 A.' 0 ~rJ 

"'))L ~.}tf oL{;T .~~ 

'or ~~ Sk ~.}tf o~T 'Sk =I- Sp) Sk ::; sp}1 .Sk ::; sp .x.....:.ytf) ..::.......,1 Sp ~~_k 

.Sk < Sp .x.....:.ytf) ..::.......,1 Sp 

~ 1 wT)..::.......,1 (a o , a" ... , ai-', ai+',"" ap ) 4.:>:')-(p- \) .ai (.)"'1 u-»~» 4.:>:') 

( a 0 , a, , ... , ai- , , ai, ai+ , , ... , ap ) 

154-=:-)_r ·.x....~tf J~.14-=:-)-' .ap .... • a, .ao)l ';';!.::"'.Jl:-c Sp 154-=:-)-0 '1'.\0 JI;..o 
.(p = r .~ 1 \.' 0 ~) .o.;-::i-) !~ wT c:h-- 0.Y':) Sp 

'~.J)Ttf ..::.......,)~ 1 sp) Sp .Sp ~ .1;1» 15~ ~.J) 

tL:.::-1 sP) .Sp 0.Y':) rl; tL:.::-1 sp .Sp = (a o , a" ... , ap ) ...))L_p f'>.J) r. '0 ~ 

.)).:.); Sp ))~~ 4.:>:') ~.J) sp ~f'> .o)'k.~ . ..::.......,1 Sp Cr ".Y':) rL; 
p 

wT .J) eS x = I: Aiai ~f.! ~lytf ,u.J~u..I.J) .x E Sp ~tf if;» .u\.;>\ 
1.=0 

P 
ik ..... i, .i o ~tf if;».o ::; Ai::; \.i = 0, \,,",Pf'> 15bl~) I: Ai = , 

i=.o 

sk = (aio,ai" ... ,aik).J,:,x,u.J~u.I.J)."\i > 0 ~T15bl~eSJ:....:,~<f..~i]l15.x.)~ 

\. \0 J>..:. 



Sp ~" ~ Sk ~ J~ . .x~)~ ~ ~~L3' w~ ;';,7': .Sk ::; Sp" ~)~ J); 

{i o , i \, ... , id }I .hi; ,,}I ..:.-.,1 Sp or ~" sk .~ . ..:.-.,1 x J..L.;, .oS ..:.-.,1 

w~)~. ~1J.>}I.hi;,,}I~ .• ~~ {o, \, ... ,p}) or ($I,,-,,~.x.) 

.x E sp <..:.J/.;.. u.1 J~ " ~~ ~ x ~~L5 

o~T.x E Sk", ~~ Sp "-":-J Sk = (aio,ai" ... ,aiJ "-":-J)'I .~~ 
k 

.Ai; > 0 .j = 0, \, ••• , k ($bl~ " Aij = \ wI J~ ;$ .x = 2:::: Aij aij 
j=o 

}I ~ .x E 8k = Sp s:;; Sp o~T, {io,i\, ... ,ik} {o, \, ... ,p}}1 

Sp) ($Ior~" 8k o~T • .>.,.;,~ {o, \, ... ,p} jI Or ($I,,-,,~.x.) {io,i\, ... ,ik} 

~~ ~ If if JjJ " ..:.-., 1 

k 

x = 2::= Aij ai j + 2::= Aiai 
j=o icfij 

·J.....JJcf wt;1 ~ ~ IjJ" x E Sp s:;; sp u..lr.~ .Ai = 0 .i f:. ij lSbl~ wT J~ .oS 

·r.5cf "-:-wb.... 1 ..j'~L, ~. «ojl.xl» J/.;.. 

.Y3 ($bl~ c.S ~)~ ~J-"';" sp)l aj " ai J...:....iL. ($"""'YJ ~.? ~[,..> ~~ . w\...;;I 

'~,Y' 0.'.1 w~llS~ . ..:.-.,llRn J:' (5""~1 a...."L; d wTJ~ .oS*diamsp = d(ai,aj) 

~ J.k. y" x ~ ($01~ cS ~~if ;,;L:.: .~~ 8p J~. v..~:r. J), D r.-5cr J:>~ 
J X':'sf ~ ~ lS} .~~ x) 8p U"'1 u..;;J"~ ai o r.-5cr J:>~ .d(x, y) S D .Sp 

y» ... cr"J~ J ..:.-.,1 sp U"'YJ (/...; J..L.;, lS} u.' ·r:'.~if.):w J~ 1 d(x, ai,) tl....:; ~ 
. ..:.-.,1 Sp (/...; J..L.;, lS} u..1 ,D. \ 0 r1 ~~ IjJ . ..::.......1 

,~~ ai, jI Sp U"'1 u:.;JJ~ ai, }I.d(x, y) :::; d(x, Q,i,) .s r:'.~cf ~ ~.Ijl 
'u..1~ .d(x, ai,) :::; d(aio' Q,iJ .oS (':'.~cr ~ J} JlI.x;....,1 ~L:..., JlI.x;....,1 ~ .~T 

(':'.J"Tcr ..::.......~~ 

·J.....JJcf wt;1 ~ ~ y..;,; u.1 "! 

)..; ~ ~ diameter LSJL..,:;,..I :i.;L.:.; diam * 



S~l...J ~~~.f 
ap , ... ,a\ lao ~i.J.1....,j lS.);"!~.J;'''! Sp = (ao,a\, ... ,ap) 0.)L_p 

't..!""L;.. c}l~1 lSlr. uS) .~I ~I($. 0.)L_p~.~.J.) V'i.J 01.1 ~;) .)rc..r ~ 
J:S I.i.I ,,-. < ·I~" . c..r .. if+' ~ V'J'.J 01. . .. J' 

,.-::: to' ,...; ,.-::: to_" 
lS~l.::- .)IJ..U .~I wi V'i.J]I ~.l.::- ,Sp ~.l.::-]I L..J~ ,u.JY""01.I.J.) 

).) ~ ,.x...:,~ .); ~. oJ ).) yA .lS'yA J.:...~ J)('"'" 1 ~l.::- ).) .~I (p + \)! ,Sp 

.lS' yA .x...~ J)('"'" 1 (a o , a \, ... , ap)]I (ajo , ajl' ... , ajp) (aio , ai\, ... , aip) ~; 

J)('"'" ~l.::-).)}I.~~ (io,i\, ... ,ip)]I (.); ~J (;'J ~.l.::- (jo,j\, ... ,jp) 

.),. I -I.:.. I ... ,. if I.:.. ,~ . 1.-.1> ~I ..s..,~" . ..\.. . .x...~ .)~ I I "T ,.x...:,L.; J""'c..r J""""" ~. v)j lS.J.J I' .!J ... .. J'U!. . c..r !J '-t' . 

. .x...l;c..r Sp I..S~ 1 lA • .).J 01.1 .J:Sc..r ~ ~ O.).J).) "! 1 Sp lS~l.::- ~~ .s 
0.)L_p yA 01.lr.l:.: .~I wT ~ ~ ).) ]I ~. ~ .~ Sp .x.;L. ~.)L .).)~ 0.)L 

.~I ).)~ 0.)L_p ).) o.x..;S'~ 

.....,.1....,jo$ lS).)~ 0.)L_r ).) .[{;T ,J....::,~ (a o, aI, ar) 0.)L_r ,sr}1 f. \ 0 J~ 

~T.J') 0$ .,.\;rc..r d.) wL.:; r.' 0 ~ lSlA).)~ ~ ,"'\;rc..r lJ::-"-4 ar ) a\ ) a o au; 
• .x.::........;, 0 ~ .. if,· ~ 1.·l5..... V'J'.J . .. J' ~ '-t' .. v 

.1....,j uT ~ ~. ,~~ ).)~ ~.)L_p ,(aio ' ai", .. , aip) rsc..r t?; 

.s ~I ~)j ) ').Jb .)~) U)U::... wlS-...1 ).) .1.0 .s r:'-I.~.) ·.)r lJ::-"-4 ip ,." ,i\ ,io 

0$1 lS).)~ 0.)L_p yA 'u..lr.l:.: .~Ip , ... ,r " (0).); ~l.::- p , .. , ,f ,r ,0 " 



(a o, aI, ar,···, ap) 0 J-,""",,"-! 0li<.S' .;)r<.S' ~ ap •... • a\ .ao Lr'1 p + \ .1....,; 

~Y<.S' .sp = (ao,a\,ar, ... ,ap)}I.u.!Y.~ .~y (a\,ao,ar, ... ,ap) ~ 

-Sp) sp ~ 'r=.Jb Jb~ 0;)L_p);) ..1.0 ap •... • a\ .ao Lr'1 p + \ ~);l:.. 'u.!Y.~ 
.~ 

~.f 
) ~l:.. <.51":b} (r-"l;<.S' ~ Jla::>1 "-! 1 0T .0) lP?n J;) K \.S""~ ~~\...., ~ 

x,S<.S' J~ .r..j ~.Jr. J;) 6 ..:.......,1lP?n j~ 1.5'""J:..A <.54S;)L 

. .;...;,~ K J;) Sk o!S..;T 'Sk < sp) .;...;,~ K J;) cJ';)L sp}1 :K\ 

.sp n Sq = ¢ o!S..;T .sp =I- Sq) ~~ K <.5~1 Sq) sp}1 :Kr 

fO IjJ) ~ K J;) sp 0Y';") ~l:; o!S..;T • .;...;,~ K J;) sp}1 K\ .1 ~ "-!~ ~ J.;S .!..:>;-; 

~ (<.5Y.-':") ~ 1 K <.54S;)L ~ ~l.. .~ ~ K ~0 ,0;)L fO U"YJ) ~ 
~ fO ~ 1lP?n ) J:>l.Q.j ~l:; ~~ ~ . • K <.54S;)L ~l:; j,l.Q.j t~1 .J,;...,l;<.S' K 

1 ~ '~;)<.S' ~l.; IKI ~ J J,;...,l;<.S' uT':"-'~ .;...;,~ K <.54S;)L) ~ ~ ~ 

~)~ ~Jl.. J;) ..:.......,4S;)L) <.5 I": I;)} ~ .;)..? .hl> ~);L.. ~)~ ~ ~L;; 

. ..:.......,1 j,l.Q.j) <.51",,~ 

0;)LfO 0Y';") 0Y;) ..:.......,4S;)L)I ~L.. <.51",,~ ..... K .x.;l.. ~fO .~~ ,,-!l:.; 

.c:......, 0;)L . ~l:.. ;)I..)..t; ~L::.,..I '1" 1 IKI ..I:> .(K j, .'. ""L:...) ~ K ;) 
• L..> <.5 L' U'Y<.S' ') ~). \ J-'.. J 

Jru <.5J).x; ~ IjJ) ..:.......,1lP?n )).xL$) ~ <.51""~J.'.j IKI·u.!Y.l:.; ·c.-.9}fiJ;) 

. ..:.......,1 O;)~ <.51",,~ ..... IKI .lP?n 

J,;...,l;<.S' x ~ ..... .;...;,~ x J.L:, ~ 1 K) <.5;))"-! r=W 0;)L o!S..;T .x E IKI}I 

J~ K\ j,~J;) 61 K)I <.51":b}.r..j .(..:.......,1 ;))"-!r=W Kr j,~ ,,-!l:.; cJ'.:L~) 

<.541 ~);) ,) OY,)) sp) ~ ~.b} o!S..;T .~~ 0;)L sp}1 .J,;...,l;<.S' K &.d x,S 

~ ..... ) ~;)<.S' ~.l.; K(sp) ~ 1 ~ u.1 . ..:.......,1 ~ IjJ) x,S<.S' J~ K r ) K\ 

~ ..:.......,1 ~Iy .J,;...,l;<.S' ~)~ ..... <.S~p 



K • • • 
L 
• • 

.~4 ~. G-I ~ ';;"j~ ~ y> ~)~ ~;) ~L!..; f.' 0 Jl!.., 
(.$4$'~\...,) ~ K = K(s\) ~ ":"'J.J'-""U!.IJ~ ,s\ = (0,0' 0,\) ~(f"~) 

L~ (.$4.$';)1....) ,o~ o.)b ~.l; 1".\0 ~J~ .oG-1 (a\)j (0,0) .(0,0'0,\) 

'~..r.1Y. L j K (.$~ 1..iJ.~ (ay) J ,(a\) ,(a o ) .(ar, a\) ,(a o , ar) (.$4$'.)1.... 

·IKI ILl 1..1 

<s~·~)~Lqo~T,~L;;;t:r.K ~jI)~~ ~l;j ~ (.$~),c qj~KJI 

.G-I q ;SI.A.> ~ 4 K)I ~4$'.)I....y.) rl;)I ~ .0 G-I K)I ~y.) K)I Kq 

.~I K (j"YJ ~~ Ko (.$~0~'-0 ~. '0 Jl!.., 
. ..\:..Al;~)::.~ & .G-i.~ d.) ~ ~ ...).)\""..r" ": r.:.,T J .).o1 K ~ ~ 

;.. '.)y. J.,l.,[,.»~~ ...).:>\..., ,...).:>l....jI))~~ p ... ,~)I ul..J);';" ~ ~ u..Ij1 

.:J r 0~ wT U)t;. ~.I 

I.·· ... j." ( I~· :J .~I ..M.>r .. ..s., j;...\.:.k.:J·L!..;.o1 f.\o 1(· r.'o Jl!.., (.$~ .. ~ .r= J (.$ • ~.. u !) 0"''''''' 

~~. A: .0 .:».;,; (.$"'))) .;,;lo/yJ.) ~ . .;,;I.~ d.) ~.l; w~. ~ 4$'~I...._r ) 4$'.)1....- \ 

,EFH ,BAC (.$~ .G-I ~ U!.I "')~I...._r 4;:; EFGH ui-":"Jj~ ·~4 ~~ 

F 

L .. G 
D E 

8 C 

H 

'1'.'0 ~ 



.~ ~))~ 0Y:J ~ ,JJI).x:i oS ~ c$.4S'~L-r EFG J EGH ,FHG 

,A J ~ ..s~L_ \ HG J GF ,FH ,EG ,EH ,EF ,ED ,BC ,CA ,BA tSLtb>o), 

~.);I.:.::... ~)..I.:.::.5 ~y::,l$" oJ..l>L..,. ~.~ ..s~L_o H J G ,F ,E ,D ,C ,B 

.~ 

C ,B ,A IY"jJ J ,BA .CA .BC tS~~ .• BAC ~ ~));:, ~~)I ~ ~b} 

.G.wl ~.xJ) Jl. 
IY"jJ j ,HG ,GF ,FH ,EG ,EH ,EF ,ED ,BC ,CA ,BA tS4J~) JS.::.::-. ~b} 

.G.wl tS~u~L \ ) Jl. H ,G ,F ,E ,D ,C ,B ,A 

<.S~~ .~ 
u[;~ J.lS' <.::...9~ ~ 1 tr"JA 0.'1 ti 0.'1) ($"!l::S'J~ J G.wl ~ J~ tS~~ tr"JA 

.~:J ~I.,> 4111 ~L.~ tS~o~llw 0.'!f.~ .~.? ~ 

~y::,l$" ~ ~;~ ~ J.,1~ ,IKI uT);1.:.::... ~J..I.:.:: ol5..;T ,~~ ~ K }I 

j~ ~J..I.:.:: .5 (I". \ a ~) ~Io~.~ ~ .G.wl o~~ tSl",,~ IKI .5 ~Io~~ J 

).x:i ,K & IKI ~j';" u-P.j..l.:.:: ~ ~ ~ ,~~ ~ ~I ~ ujl..i:.. & 
tS~l~ ~~J~ ,~y::,~ ~ ~;~~J}>~ ,~)~ o..b.;.; ~.lw IKI.5 ~~.:.JL:... 

~J..I.:.:: ~ r.5l$"~; .~~ ~b u-P.J..I.:.:: ~ G.wl ~ WJli;.. ~ <f>1.:.::...l; 

~J;" ~J..I.:.:: Uw uT u-P.J..I.:.:: .5 ~ c.r>L ~.j; 0JJ'""'0.'.I.J~ ,~~ ~J;" 

.G.wI.J~ ~J..I.:.:: l.S~Gt... ~ ,~~ 

tS~ ~ ~ ~ tS4S'~L ~ ~;I....-A (f..tA",,~ u~b)} ~ 1l.S~~ o~1 

,4-0-> ,..1l.A; 0:'.';') u[;l$" 1 jRf o~~ tS~<I,>.j.J ,Jl. u~~ .~I~ ~ u[;l$" 4S~L uT 
~ .I....-A jRn ·1 S o~ .,. ~ . <'I , .. ~:o.~b. .~ ( J.:..,~ 1_: o~ dl.'·I'· 

. .f .J ~ ~.x.J.r' u::-.- .r'tS. ~.. I..>~ J 

f: IPI -+ s ~.;L...J, ~ P l.S4S'~L oJl5..; u~b.J1) ~ ol5..;T ,~~ IPI ~J..I.:.:: ~ 
.~.J tS~~ 1 S UIYl$" ,4S'~L uT l.S~ ~ 

0Y:J ~b} ~ <1,>.)) 0.'.11x.J ,G.wl ~~tS~~ c$.~ jRf .J~ o.J ~. ~.)) v., 0 J~ 

c.r)) 0.'.~ 1 ~.;I....-A 0.'1 ~[;l$" .G.wl ~;I....-A ,G.wl ~ .5 ,~))~ ~ 

~ 10.:.))~. o..b.;.; 0.'.1)., ~.A~.J~ o.Jir u~"-! 1 ~))~.J~ir is ~.J~ 
IjJ ~ ( L: ~ 1.'-1'· . I.. ~ . ~< ... e J 0.r' tS)) ~o.. c$.~ ,~))'"F. 0Y:J J!.J .r::--.x~ tSJ""!.~ tS)) 

.~y::,l$" ~ ~o~ ~ tS~l~ ~ o.J~)) ,~.;I....-A 0.'1) o~l.i.::....,1 ~ 



,~I 'J..::, k..:..J:;.. L.a.;.' ~ A. \ 0 J~ c..$' LS, <$. 'r.""": .. J.J 

(~.~ LS~) ~..s...s~ LSJ.:.:~ ,o~L LSi..l.'Y.J.J LSit. lfll> ;S1.J~ r.' 0 ~ 

.~)~ ::'Y.'J «~~LSJ.:.:..:..J:;..» ~I Jy,-i LSir. LS~~~; I] J ~rlS"" (L:ul 

...5..,. t .. I. f WLb..;S ~ 0 .. -~( <lSI I .... ~ . .........AI' Jl> 
.. .J.Y)!,j' LS 't-' ./..J (f'.. .J.>: Y . r::- !) ~ c.r:...!'-' I'" IJ>' lS"" 

u..1 ~b ).; )::. ~ 'r-.r ~~ ~I uS-.. ~ LS~J 4 ,~I)~ ~.JY L.a.; ...s.:. 
.~( '''1...5..,- t.. .!:..> ILl ' 'r::-lS"" ~..!'-' !) .. .J),Y...Y <...ri":'J • ,~Y 

~.l........A .. ...5.., . ....L:>.!:..> ~ ;S" I L.a.;...5., .\ .....u..);..::.. ~ '0 ..;.. .JtJ .. .I ~ .. 1.>' ,J ., .........., <$. ..J::ty"y I.>"~ .' .. .r-

.~~ 

,~~ ~~jl.......A f : IKI -+ X J ~J).xY LSW X ,~ K ~ V:>; 
~I X) u7.La.9J:'.) f(sp) ,~~ K)I (ao,a\, ... ,ap) ....$"::.L sp}I":';".JY""'c.:.nI.J::' 

«V".Y.J» ~ «o~ ....$"::.L.,» Uly<..r" 1 f(sp) LSL;,.,.;.r..) . ..::.........1 ~.jL....J. Sp ~ 45 

.~ d~ ~L..; 0,'0 ~.J::' ~J Lt.I) Jl:..o .~~ f(ap) , ... ,f(a\) 'f(a o ) 

,~I 

~ ~J-K }1":';".J~u.I.J~ .{io,i\, ... ,id ~ {o, '" .. ,p} ~lS"" V:» 

.~L.,~ ~~ f(Sk) = (f(ai o )' f(aiJ"", f(aik» ":';".JY""'~ 1 LSlo~ ....$"~L 
~I ~ .1..:;j ,::.)::. 1 ~ LS~..t.J (L..; ,Sp E K ,i..l.f(sp) (L..; ~b) .s ~lS"" 
u..1 J ~l; «~o+-> ~» 1 uT ui;lS"" I] J ,J..::,~ c...:,I.,I; 1 U~y. ...bJ.J1~ cJ..t.J 

'~~lS"" ~.)~ X ) LS..l.:...~ ..5.:. ~.~ ~ 

.~(f' <lS111 LSJ.:.:..:..J:;.. (~~::. ~~~.I 



($.l:;)~ ~ X <s~u:;... .~~ ~J,J.xY c.sP.)~ ~ X ~lS" ~; ,0. '0 ~rJ 
. ..::.....,1 ~;L...J" f: IKI--+ X) ~ K )J~ oS..::.....,1 (K,f) 

~~~~~ .r 
J~ (b o , b" ... , bs ) ...s~L_s ,tS ) ]]{m J~ (a o , a\, ... , ap) ...s~L_p ,sp r.scs" ~; 
~&; '~J&;cs" bj ...1;.;[.. t s ) U"10..:. ~ 1 sp) ai U"1 yl> oS ~~ ~&; f ) ~~ ]]{n 

}1.~L:.;~~~"::"""I~f 

f . ..::.....,1 ts ...s~L ~ Sp ...s~L) ~ ~ ~&; ,~y::,lS" J..ol>. ~; u..1 ~ oS 'f ~&; 

;$..::.....,1 ts) ISICk ~) f(sp) ~~ . .x...~lS" ts ..s~L ~ Sp ..s~L]I J::.l.,. ~~ 1 
f(ai) WJY"'~ oS ~y::,lS" ~y bj ...1;.;[.. t s ) c..r"'yJ uT ~)~ Ck ...s~L ~. ,~) 0:'1 

.~~ 

IjJ ) ~J~ is) U"1 0..:. ~ 1 sp) U"1 ~ ~)~ ..::.....,1 ~ f oS r:'.y::,lS" .;5;.. 
~T J~..xJ WJY"'~ ..::.....,1 ~ 0} f(x) w)~~ 

}I Jl::.. ul~~ . ..::.....,1 bj J.lr. ~T ~ J;l:.::.. !(ai) ;$..::.....,1 c$.[.."Ai ~l:; ~ Uj uT J~ oS 

js=r j p='1 

.U, = A, + Ai j U o = Ao + Ar /jJ) f(x) = (Ao + A..,)b o + (AI + /\i)b, .&;T 

.c, = (b o , b,) j k = , ~I J~ 

.r.s(..S"" 41 ~ 1Slr.1 ,~ u.1 ~~ ~r:; Jl> 



"': 1](1 u-P.:)~).c....,~ ~~ j:) ~:);) L:)]( ~(f' u-O) ".\0 ..JY.~ 

jI ~;)lw ~~ j J{ jI A 0;)lw fb <.SUi",: ~(f' ~) ~ . ..J..:i~ ILl u-P.:)~ 

"': ]( ~) .}::.l.. ~~ 1 j uJY"""(t.1 J;) • ..J..:i~ B J.:.jL, L jI ~;)lw "': A 0;)L.., 

. ..I:...G(f' L ~ 

.~T ,J.:..:;~ ]( ~ jI ~~L (.)"'jJ ap .," .a, .a o }1-5 .tilS'" ,,:-,~.1 J"; w.:.,;t; 
.J.:..:;~ L) ~;)lw (.)"'iJ j(ap) < •• , .j(a,) .j(a o ) 

.~(f' .l.I11 c..>}y,;) w.:...rU ~?I 

) <..r1 .]( J.:.jL, ~) (.)"'1 fb "': "s ..J..:i~ ~~ j ~(f' u-O) H, '0 ..JY.~ 
.J.:..:;~ ]( jI ~;)lw (.)"'iJ ap .," ,a, .a o }I .s ...I.a>;)lS'" ~ w~ 1 L J.:.jL, ~ 

l!"~ ~~ 1 j ,uJY"""u..IJ;) .J.:..:;~ L) ~~L.., (.)"'iJ j(ap) <'" .j(a,) .j(a o ) olSvT 

. ..I:...G<.r' L ~ "': ]( ~) ~~ J::.l.. ~ .J::.l.. 

~ ... J "J..tu V .. .J.J" J;"'" .' 
..J..:i l "' . L......,.." .. ..s.,...4:>o J:..>. l .s" I La.;..s.,. t .....4:>0 J:..>. ' b 

, ,~j ~ .. l;>O'.J .' ........., ($. .. JYY.Y l;>o.J • f'::-' <5" 

~j)y'ji ~:)~ c..>ir. c..>;);~ ~ (c..>~) ~ .s..J..:i~ ~G .,Iy.L;; .J.:...r u.,1 J;) 

1''''' ... ,,1 •• _ J:..>.l.xl" La.; , "s~( "'1" 1 .~( , "'I" ($.~ .....,~:) .' 'Yes" rJ.. ~ :.r J~ U'Y(f'!J!.J :.r w..: . ..1'" u~ 

.~ .,\.AI,> 41 .s ~L.b..., ~~ ,J..:,~ ~j~ <J,.;);) u:)li::.... (c..>.r.-':") c..>LA~ <S 

.l.I111 ~j)y'ji ~ ~.y<i I~I . ...I.a>;) t! ~ ~ c.s=Jl> I~ 4S ..J..:i ...I.a>1y. Jt5...:J 

.~(f' 

c...PJ.c. E:) ."-"~ ~I.:.:;.. ~1J.ij ~ X) ~Yv G .ffi;n jI c...s::L::,~J.!J X ~(f'~) 

~y"·o.:;r . ..I:...L;(f' X ~y"-r:: 1 G .t.{;T • ..l:;~ r::jI;;.-SG r~fb~}I . ..J..:i~ ~ 

jI .J:u; ~ ~I.,b. L,I • ..J..:iL:; G jI ~ m + \ "': ~ X) .J:u; ~ .LS'fb c......1 m .G 

,..l:;L G ·1 ~.;,c m.;., "1_ ... -5..J..:iL ,:, X , J;- , ~ . 'Y':'Y' 

u.~"s k .LS'fb G..,.,I k .X ~ )R:n ;;)~ c.>~ (~.J~y"y) ~ ~.}'f.' 0 ..JY.fi 
X ·1 -rl..::....w . JlI.:.:;.. A' _E <E > 0 .b. c.>1·1", .s..J..:iL f. . 1 L .kG ~ ~J.c. J....., , :) \..> ~ Y. ..r '). . if J.!:) U!. • I.> ~ • 

. dimX = k r.YlS'" ..:.Jl> lJ!.I J;) . ..J..:i~ ;)'Y':'''''' k + \ A;;.r ~ 

Li..b ~:) ;)).1 e,;,}G} ~l; • ..::.......,1 yO u.,1 ,,:-,r;-J~ jI r;;L;. .) ul;l .s <c..>~ ~ 

.~rlS'" )S",: c.>':'~j 



,dimX = k J..:..:,L..:..J..u·~.~ ,.' l.D>La.9 Y X~< .' f. \0 ~ -' ....1' ~ c..s -' rc5' (J"" ~ _ 

.dim Y = k u.JY'""u..I.J~ 

'rub cl;;.>l.l..j r.l ~ ,~ u~1 c..s~ 

.,. 0vC b~~ La.9xc~n La.9~< . '.(..5J ',',1) V.\o.1 
t.r'"'"")!, .. -' ..r- rs!. - c..s rc5' (J"" ~ . t.r'"'"")!, r- f"" 

).r5'~ ~ x ~~J.'.j.....,..5.::.......,1 ~Y":yo 04- 8 > 0 ~~ ,u.JY'""u..I.J~ .~~ X j~ 

.~..xJ.Jj} c) c..s~.J~ 8 

. ..>.:....Gc5' c~)!, 0.'.1 ~ :l~ 1 (; ~~ 

c..sbl~ -' ,~~ X c..s~ c) ~~ ~)!'.l..j {u\, Ur, ... , ud r.sc5'~) .~ w~\ 
,i = \, r, ... , k .....,. 

~ x - ui .....,. -' ~)~.Jj} Ui ~.J~ X EX.....,. ;';Y'; . .::.......,1 .c.....,~ ¢ .s .::.......,1 ~G 

~~.l..j ¢(X) u..~~ .¢(x) 2:: ¢i(X) > 0 ,x EX/, c..sbl~ (':' . ..xJc5' ~ ,G.wl 

{; > 0 ~~ '~.J~ .dist (0, ¢(X)) > 0 Ijj -' ~ ~ J-.L;.s.::.......,I~) c..slb~~ 

x ;.;T.J~ .s Bn(x, 8) j~ c..s} u..~~ .¢(x) > 8 ,x EX.....,. c..sbl~ .5 G.wl ~Y":yo ;.;4-
. .).....,.Jc5' ":"~I ~ r.l 1jj -' ~~c5'.Jj} Ui ~.J~ J-.lS' .J.,,1~ ,~~ X ) c..sl~ .....,. .;.;1yc5' 

.s...J>~ . L:; .~L .. ' .~ j : X ---+ Y ~~ ,'< ".~ w~\ 
I'" c5' U • ~.J' rc5' (J""~.. . 

~ -' ~~ ~)!,_E: ~. E: > 0 .....,. c..sbl~ .s ~~ ;.;L:; ~~ '.J)w0.'.~ .dim Y -::; k 

) ~ Y ~)!, c -' 'blyJ~ ~ ~~ E: r.sc5' ~) .~)~ ~Y":-' k + \ ~r) Y c..s~ 

~y.. {i-\(U): U E C} ~.I~},u.JY'""0.'.I.J~ .~~ x E Y ,Bn(x,E:)j~ c..s4;.} ~Lw 

~. ,dimX = k ;';Y;' .~~ ~.x 0.'.1 c..sk ~ ~~ (; r.s<..r' ~) . .::.......,1 X c..sk j~ 

. .::.......,1 ~Y":Y' k + \ ~r) X c..s~ {A\, A r , .. ·, Am} J:-,;~ ~ -' ~~ ~)!,-{; 

k+ \ ~r) Y c..s~ ~-' ~~~)!, ~ {i(A\), j(Ad, .. · ,j(Am)} ~.J~ 

.~ ~ ~)!,_E: ~)!, u..1 '~)~.J); ,U E c ,j- \ (U) ~.J~ Ai""'" ;';Y'; -' .::.......,1 

~)!,_E:""'" ~r .5 G.wl ~Y":yo ;.;4- E: > 0 ~~ ~b ;.;1..:; 01yc5' ~L... ~;, ~ 



~ U:',1~ ,dim Y :2: k .s:;.J ~[,.;. y~1 0:'.1.3 ~~ k + , ~IJ.> Y ~.3 ~L.. 

·J.....,Jcf uL;1 "! 

Sn~.3 ~l;.:;... ~'y"_E~~'»':; ~ .:;):;)) Sn J:..:L. J:;L_n J :; A k~ .w~\ 

e-....,:;", ,...::.-........ S .'.', 4.; ·1"" . T 4.; .5 A L . ~L.. ,.,. _G..5v ,A '" .. , n~'y" .'JAJ~U .'JA . .3~~.y., ... 

':;r-cf ~} ~ f.' 0 ~)I ~ JL.. .~T(5" 
,(,:!J}cf <.5~ ~ J:; 1 ) .s :;):; ~ ~ 6. \ 0 ~ 

r-scf d'} .~ 0.;~ ffi.m ~ ffi.n .~T .n # m}1 :;/:; ~[,.;. ~L:.; .w~\ 

<:;L_n 'Sn .. < ....... ""~'" .~l, .. ' .~]: ffi.n ---7 ffi.m ~~ m < n If' r::-(5" U"" ~ ~v- • ~J' .3 

"!~ ,e-....,I 0.;~ sn ~ f(sn) ~.r; .dimsn = n ,f. \ 0 ~ "!~ .~~ ffi.n J:; 

.3 e-....,I ffi.m)l .:;~ ~~.xJ ](sn) ~I "! ~j ~ .dimf(sn) = n ,f. \0 ~ 

.J....., u~1 '" ~ IJJ e-....,I 6. \ 0 L.a.; ~ , ~l;;;.. ~ . I ,m < n '.)(5" . ...3 '" ~ '.. u.. 

lS~ ,](\) = \ ~]( 0) = 0 }I.~~ .;;....,~] : C ---7 C ~~ r-s(5" d'} .w~\ 

~~ ·f(\) < \ J f(o) > 0 .s ~ d'} ~1y(5" 0:'.1~ .).;L.~.;~ uL;1 <.51 

uJF0:'.IJ:; .~(5" ~~ ,x E C f> L>bl,,! ,g(x) = x - ](x) ~~ ~ 1 9 : C ---7 ffi. 

~~ Xo E C IJJ .g(\) = \ - f(\) > 0.3 ,g(o) = _](0) < 0 ,e-....,I.;;....,~ 9 

. .)....,J,f uL;1 "! ~ IJJ J g(x o ) = 0 .s e-....,I :;r.Y' 

1. Brouwer 



\ /. /-

f- 'gf : X -x ..::.-::,15.;'';;''JJ'-''''u..IJ~ . ..I...:,~ .c....,~g : Y - Y ..::.-::,15.;r.s-<5' u-':') . ..:...l;.1 

.f-\gf(x o ) = Xo oS..:.-......,1 ~Y:"Y' w~ Xo E X ~ 'u-':') ~~ Ii!) ..:.-......,1 .c.......~ 

. ..:.-......,1 9 ~t ~...5v. f(x o ) E Y ~ UJ) g(f(x o )) = f(xa) ~. 

~ J:x.):.r.; [-\, \] oJ~ Ii! .~)~ ~t ~ J:x.J IRJ~ [a,b] ~ oJ~~ \.\0 ei 
.~)~ ~t 

..:.J~ ~ 0.'.1 oS ~.:I ~Iy. ~.I .~y::,<5' ~ A. \ 0 ) V. \ 0 <.S~.~) ~ 0.'.1 

.~I ))~ ~t ~ J~ ~) tr"l> 

Bn ~ <.Sj ~.I .;;..l;1 . ..I...:,~ (ao,a\, ... ,an) ....).:IL_n 'Sn r.s-<...>" u-':') . ..:...l;.\ 

~~ w~ ..:.-......,1 ~lS' ..b.:i; .A. \ 0 ~ ~~ Ii) j ~ }~.:I • ..:.-......,1 Sn ~ ~.;~ 

.x E ) ..I...:,~ .c.......~ f : Sn -+ Sn ..::.-::,~ r.s-<5' u-':') . .:1).:1 ~t ~ J:x.) oS 

. '1" .. I ~..r! ('::-''Y<5' , ...... JJ'-""u.. J~ 

n 

X = I::>'i(x)ai 

. i = 0, \, ... , n ,0 ::; Ai (x) ::; \) Ai (x) = \ w r J.:I oS 

. '1" .f(x) E s· .' ~ . ..r! r::-''Y<...>'' n u~ ~ 

n n 

f ( x ) L Ui (x) ai, I:>Li ( X ) \ , 0::; U'i ( X ) \, i 0, \, ... , n . 

. Ai = {x E Sn: Ui(X) ::; Ai(x)}.i = 0, \, ... ,n~ <.Sbl~ r.s-<5' u-':') 

. ..:.-......,1 ~ Ai..l' ,\. \0 ~ ~~ ,..:.-......,I.c.......~ f w~ ';;"JJ'-""u..IJ~ 



IjJ.x E (ai"ai",,,,aip )) {io,i\,,,.,ip } ~ {o, \,,,.,n} r-sl$"~; 

. '1" 
~Y"! ~ 'Y l$" 

p p 

x = L Aij (X )aij, L Aij (X) = \, 0 < Aij (X) < \, j = 0, \, " • , p . 
j=' j=' 

.r LSbl,,: ~.j ~ p ~ LSbl,,: J:9I..l>.s ;)rl$" ~ ~;)y. ~y f(x) LS!r..s ~.)~) 
.s ~.~l$" ~.;:; ~I) .X E Air IjJ) udx) ~ Adx) ~~ ~b ~~ 

n n 

.u.)-"",u:.I.);).y E .n Ai r-sl$"~; .~Iu+l; .n Ai .s~~l$" ~ -,.JLb...u:.I)Jl> 
~==o z==o 

n n 

~~ . I: Ai(Y) = I: Ui(Y) = \ ;.w: .Ui(Y) ~ Ai(Y) .i ~ LSIjI,,: ~) Y E Sn 
2=0 U==o 

u:.!r.l: ·f(y) = Y ~.);) !Ui(Y) = Ai(Y) ~~ ~b .i = 0, \,,,., n/> 0'bl,,: 

.J.."jrs" u~1 ": ~ 

~~l}j!;1 .~ 
~.J ·~0b ~)J;j ": .s ~4S';)L ~ ~)~ ~ LS~~ 0'!r. ~~l,S jl,;j i-*-" 

.~I+.i-'~~ 

~ .Sp ~~\j; 0.)-"",u..1.);) . .J,..;;:,~ (ao,a\,,,.,ap ) 0;)L Sp r-srs"~; 

\ 
b(s ) = --(a + a\ +". + a ) 

p p+\ ° p 

.~I 

K r-s'rs"~; .~I J.,..,... LS~ ": U"'f.) (~}.r ~) ·~iJ wW b(sp) 'u:.~~ 
.x.;l.. LSI~b}.K LS4S';)L) LP~ \,SlcJ\;.:l u.)-"",u:.I.);) • .J,..;;:,~ ~ 

{
o \ k} S , S ,,,., S 

;I~ U"'I.J;I) 0::t.~ ~J;I LS~ ~ [,;....:.,.1 J;) .S 0 < s \ < ... < Sk .s ~I K LS4S';)L) 

~ .K) K' ~~\j; jljl . .J,..;;:,~ i ~I ~ Si ~ .s~;) wI...:.; l:; ~Io;))' 0;) lA::.... I 

..b....,j ,) LS4S';)L) • .J,..;;:,~ K) LSls 0;)L LSIjI~ .b(s) o~iJ WT U"'fJJi ~~.s ~I 

4JL..;;)...s" 1< •. : ,-,-,l:.... "" L I •• L{..;j ~. T L I,l:.:.. I ·<;)L .s1 .. l5w1 ~'I l..l,~ 
• "J::-'.......... ~J' . ~ ,,'r cJ.J'=" 0''T'' ~,,!J-'.) ~ ~ 

~;) 0J~ ": ·J,;r w.:.~ . ..);.A;) LS;)~ 



• • • 

.s <'s.J),"-! ~I K' x.;L., ~ ,K x.;L., ~ ~~Ij, j~\ 'f. '0 ~~ 
!~~ K <.S4S'~L r~ <.S~~!J K' trY.J (wJl) 

).J~.s ~~ (b(sO),b(s'), ... ,b(sm)) W.J~"-! (.>:!4S'~L ,K' <.S4S'~L (';-') 

.si E K J si < Si+' 

~.Y':JA K' ~)'I '~r<f ~ J} w.:,~ ~)<I: ~)<I: K' ~ wr. f.' 0 ~ 

.~I~;<I:~'~~ 

'r:'-Id~ z.,L.:; 1 ...s~L_ r ~) ...s~L_' ~ ~~jJ jj)1 ,Yo '0 ~.J~ 

x.;L., ~~!J tSj);1 L )'1 .~~ L ) ~..I..j K J ~ L ~<f ~; A.' 0 rJ 
,I I ·(~L ~ ,I I( , .... K' .s ~ b K' x.;L., . ~K.;I? (.5'1 .. 1 K .[{;T ,~L o:...::,b L' .J (.>:!'T" ,. .J J-'~ ~ L.> _!r' >.J:.r • 

. ~~ IKI.J~ .s ~I L' 

tS41~ ,J;..A~<f L') ~J!.j ~ D"""'J~ ,~~ IKI.J~.s L') (.>:!4S~L .w~\ 

,SO < s' < ... < sm )~~K <.S4S~L LMi)'lJt.j J,.;)}J!. \ f. \ ° ~~) (y)) (wJl) 

.(b(sO),b(s\), ... ,b(sm)) t:;:: sm t:;:: IKI.[{;T 

,w.Jr"'U7.I.J~ !~~ K' jI (b(sO),b(s'), ... ,b(sm)) ...s~L t ~u-"~'; .w~\ 

~L.>" ~~ ,~1 en l ~ w~1 <.Sir. ·IK'I t:;:: IKI IjJ .t t:;:: sm t:;:: IKI 

}I .;$ ~.? ~r wl:..:; Wlyu-" 1 s = (a o, a" ... , an) ..s~L tr.Y.; .x Est:;:: IKI 

.Si = (a o , a" ... , ai) ~(..$"'"" ~ ~ .to 2:: t, 2:: ... 2': tn .L.{;T ,x = L tiai 

ri 2:: ° .s ~I ~b .ri = (i + \)(ti - ti+') wT.J~.s ,x = ~ rib(si) w.J~Li.I.J~ 



·IKI = IK'I u.lr.~.> ,IKI ~ IK'I ~ 

4:. bjasp uJY"""u.IJ~ ,~~ (ao,al,···,ap) ..s~L sp ~(5"~'; '~.'o~.,.,u 

.-::.......1 (ao,al, ... ,ap_l) , ... ,(ao,al,ar,.··ap) ,(a"ar, .. ·,ap) 0"4S~L (L.; 

.-::.......1 ~ asp eS -::.......1 c.....;,G 

~I~ d'~l?);lasp.> ~~ (ao,al, ... ,ap) ..s~L sp ~(5"~'; '0.'0 ~ 
.~)~ d'~LS ))1 Sp ,uJY"""u..1 J~ .~~ 

~';~.~~spo~LSb = (p+,)-I(a o +al+' .+ap)~~(5"~';'\:)~\ 
,(asp)') ~~L ~ ,asp d'~iJj);l) ~~L ts = (b o, h,···, bs) ...s~L ~(5" 

.-::.......I..s~L tsb e.S ~~(5" wI...:.; I~I .tsb = (b o, bl )···) bs) b) ~(5" ~..,..:; .~~ 

eS c,;J~ J~ r.-s-(5" if'; .)~~ . ~ ti + t = 0 .; ~ tibi + tb = ° r.;S'~ ~.; 

~y. ~1y(5" ,~)~ J); Sj .x..;l.. sp) ~.> J~ ts W-,",: .t # ° ~~ ~b wl$..1 

e.S bi = L Ai,kak 
k#j 

b = ~' L tibi = -l L tiAi,kak = L dkak 
k#j k#j 

u.lr.~ . ~ dk = ( - 'It) ~ tiAi,k = - \ wI J~ e.S 
k#j k#j 

. Lrk = 0 .> 

J~'> Tj = (p + ')- I l..1 .Tk = 0 ~~ ~I~ k.;A 0"bl",; J:~ ,-::.......I...s~L Sp W-,",: 

,-::.......I..s~L ts L.I.L ti = 0 .> L tibi = ° u.lr.~ .t = ° IjJ .~.I.+'--J ~L:.:; "'; ~ 

.-::.......1 ...s~L tsb e.S ~'-:(5" ~ L-:w.1) .ti = 0 ~~ ~b i.;A (Sui",; J:~ IjJ 

) ,..I;1u):-" s~ 0"4S~L.> !b.> (asp)' U".h) ,;.;b):-" s~ try..; eS -::.......1 L"""G 



J.,>.~ ,c,....,1 ~ s~ ~.I u1.;Il.SJr. .( asp)' ) ts l.S~.)L W l.Sbl~ tsb j ts l.S~.)L 

h) ,c,....,1 e:--"0 ~ ul.c,....,I,IJS.r-) u-P.j wI) ~.)Lj.).r- ...s~IDS~.) w~ 

·J....,Jcf .:..1.;1 ~ ~ ~; ul ~ j c,....,1 ~ s~ IjJ 

r'" DS c,....,1 (.$.~.)L ~~ K n L) wl..J)w .&';T ,~~ ~ j.) L j K )'1 

L J') ~. K J') ~ 6 ~I (.$.~.)L ~~ K u L) wl..J)w j ,~~ L J') r'" j K J') 

~ ~I ~ K U L 1..1 ,~I L j K ) ~J!.) K n L DS c,....,1 e:--"Ij .J.:.~~ 

.c,....,1 ~ K U L ,U""l;.. .;Jl> J') 6 ~cf l.S~ ~ J') uSJ .J..:jL:-; 

)'I.~~~ ... ).) L) K r-sL>" if) \\. \0 ~ 

IKnLI = IKI n ILl 

.c,....,1 ~ K u L .&';T 

~)r'" tns~.) w~ ~~cf .~~ L) ~.)Lt) K) ~.)L s r-sL>" if) . .::..)~\ 
. (c,...., 1 ~.)l....,.r- ~) ~ k~ .s ~ ~j) t~) r'" G.....,I 8 

uJ)"""uIJ') .~~ L j K l.S~.J:'.) ~;~ B) A r-sL>" if) 
IA n BI = IAI n IBI n IK n LI 

~L>" if) ·IAnBI ~ IAI n IBI n IKnLIDS ~I e:--"~ '~L>" ~~ 1 ~ u l 

,~ L ) <..$-'.~.)L u j t Wr. .x E u E K n L ) ,x E t E B ,x E 8 E A 

IjJ .s n u < 8 6 r: . .x.5L>" "-':"~ UJ)""" ~ ~ .t n u <u 

s n t n u = (s n u) n (t n u) < s n u < s. 

u..lr.~ .s n t n u < t 'WJ(;; J..h ~ ,~ 

·x E IAnBI j x E sntnu E AnB. 

o&.;T ,~~ wT 0Y':j ,L.:; j (t ~) s) ~ ~ (B ~) A)'I 

IA n BI = s n t n IK n LI = s n t n IKI n ILl 

= (s n IKI) n (t n ILl) = s n t. 



s .s~L )~ /' ~ ..I..) s n t ~ ,..::....... 1 B ~ J!.) ~) A ~ J!.) ~ A n B w~ 

. ..::.......1 t "":-) ~) s "":-) ~ [jJ) ..::.......1 y..l.xA s n t .s ~.x?r...r ~ D. '0 r.l) . ..::.......1 t) 

. .k...,.Jc5' .;:.,~I c.; ~ ~; u..i c.; . ..::.......1 ~ K u L ~ 
. . : (' ..:..... t 1 ... . 1 I -I A......a; JI.:.. r-c5' .!) ~ u.. ~ .. 

t.?) .r-sc5' ~t 4S~L ~I~ c.S)J ) ~ ~ c.S)J ~l.4. (.$.~I ~ 1 ~ . .;:.,~\ 
~I~ .s p ~ ~ ~ /' c.Sblc.; ~ ) p).rS ~ ~ ~ /' c.Sblc.; ~ r-sr...r 

.~~ .J1; f. ,s ?: , ,~~ s).rS aT c.S4S~L_p 

t.?) ~ . ..::.......1 s ,) c.S4S~L_p ~I..u:;.s ~~ c.S~-p ~ K r-sr...r t.?) 

.s~L s).rS ~ L .x.;L. K ) ~J!.) '';:''.J-",,",u.I.J~ .~~ .s~L_p ~ u r.Sr...r 
,..::.......1 ~;,;, (au)' ,..::.......1 ~ L ,~I c.; ~ .K = L u u.s..::.......1 ~y.Y' w~ 

c.; ~ u..~~ .K' = L' u u' .s ~b wL; wi;r...r . ..::.......1 ~ u' ,\ o. \ 0 r.l c.;~ ~.)~ 

~~ wL; ..::.......1 ~15, \\. \ 0 r.l 

IK' n u'l = IK'I n lu'l· 

~ M }I.(.......,I~ ,II. \0 r.l c.;~ (Knu)' )K'nu' = (Knu)' r-sc5' oJAL..:... 

) .~l.i:.wl ~ .IKo n K\ I = IKe I n IK\ I olS,;T ,~~ M ) <f..~J!.) K\) Ko ) 

.s ~.x?c5' ~ ,~., 0 r.l) ~ u..1 

IK' n u'l = I(K n u)'1 = IK n ul = IKI n lui = IK'I n lu'l· 

.K ~ =K' ~ ,K ..... 1 .s~', ~ .;:.,~I·lf.'o ~ . . ~..r c.S '.I. Y"" r...r . .. ..) 

u(K) = max{diams: s E K} 

.r.Sc5' ~.~ 

. ..::.......1 ~ c.S~ ~ )~ .J~ ~~!J ));1 ~I .-\>.~ 



u(K') ~ m: \ u(K). 

~) K' ) J~ s' r.sU" ~.; .r::~)..;.J~ ~~ 1 4l~ .1:u ,r. \ 0 ~ ~~ • w\;;I 

~.; .p < q ~ m u.J..r""u..I.J~ .sp < Sq j ,~~ b(sq) j b(sp) (J"'j.J ~ (..s~L_' 

r.sU" 

,\. \ 0 ~ ~~ w.Y'; j ~ Sq .J~ j~ f' q~p LI=p+\ ai j p~\ Lf=o ai J,l.Q.j 

~.,~ u(K))~ r>') ~j~ u..14.l.oli ,diamsq = diamsq 

\ p \ q -Lai-- L ai ~u(K). 
p+\. q-P. z=o z=p+ \ 

q-p q m 
IIb(sp) - b(Sq)1I ~ q+ \ u(K) ~ q+ \ u(K) ~ m+ \ u(K). 

J~ f' lS!Y. J} lS..r.!y'l; wY; .c..wl K' J~ u..;:5;:r. J), u(K') ,s .»,~U" wL.:.; r. \ 0 ~ 
oS ~ ~" 1 1- K' r::.r. U" . .. ''-'-'.J ~ ..r. 

u(K') ~ m:- \ u(K) . 
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l..l!,·ljl 1< , .. , ~ . 1 l;., . ..:.......,1 .. .' K' . I . ~~I ( ·Ijl ,~~ .. ]( (I (J; J:.r 1,)::-'....... • LX.:;' • ~ .r.:' u I..> •• !r' J:.r • ~ ..r 

.x.;L. (J;I,J~.) ,JIf.. ~~l? 

J6. '~Jjli$" ..:.......,.)~ ,..:.......,1 ]((1'-') <f"'~l?)";1 ,r = \, r, f, ... ,K(1') 01 J.).s 

..5...:;.,5 .l,.?J.) ;;).>,;1 ~ K(1') ).:.; .s .)...$ J~I ~.:r. J~wl w~i$" 1 r .s ~i$" c.:~ 

.~~ 

,\ \. \ 0 ~ j f. \ 0 c..s::.;) • .)~I ~ ,wJ.J'""'u.IJ.) .~~]( ~ m ~i$" ~.; .,:: .. ,'~\ 

.s ( .. ' 
~r.i$" ~ 

u(]((1')):S; (m: ,) u(](Cr-I)):s; (m: ,) r u(K(1'-y)) 

s ... s (m: ,) l' u(K). 

~J.) ,m/(m+ ') < \) ~...$)~..>I ~.:r.)~ ')J.J'A 0).;.;1 '-! w[,:;<.r 1 r WY"; 

. .) ,. ci(~ :.r-i$" :.r ... 

.. 
lY.,..rJ 

~) .J;S c.: t ,~~ ~ U""'J.:..A l;W)I 8 = {a o , a" ... , ap } "-~)'I ., 
. ..:.......,1 ~ ?r(8) 

E > 0 .)J..c. ~.) wL:..; ,~~ JR(n ) ~<..r"J.:.A (J;1.l.C~f..) {a o , 0", •• . ,ap } jl . Y 

,iiai - bd < E J:r..) ~ ]Rn .1L;.;) {b o , b" . .. , bp } :tc~.;A .s..:.......,1 ~~y .j4-

.~~ Ji:.-.u--'J.:..A ,i = 0, \, r, ... ,p 

. ..:.......,1 ~.;L..A> tp ~ Sp j dp ~ Sp ~.) .jL:..; ,J.:....:j~ 0.)L_p).) tp j 8p )'1 .~ 

. ..:.......,1 yJ.o.u> ~.)L .;A ;$ ~.) wL; . f 

. ..:.......,1 ~IJS'.;A) ~ f..) '~f..) ).) ..5J;:.:.1 ~.) wL:..; .~ 



.~I &.r..j:.j> &.r..j ~&.r..j oS ~~~.f 

.~I ~J)Yvi ~j~ ~ ~J)Yvi ~)~ j:' y~L,.. ~:. .;~ .V 

.~I 71,! Jil...l> 4$'.)L,_71, .)1..>.;..; .In ~ <.S..I:;~..;A J:' ~:. .;~ .A 

. .))J.: ~~ ~ rJj:.) {X E}Rn: jjxll < 'l j~ <.S} ~ ~~.'\ 
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y.iQ...:, . , 

uS~L <5~ ~l..~.).; ~ 0:IJ~ .~I r+-J~ lSJ)y"YJ~ ~l..~.).; 

~Y ~~ .~I yO 0:1 Y~J~) GJl> ~.).; 0:1 J.l5' ~ .~~ ~Iy- A71I J L,,;.;.1 ~ 1 
.~I ~l.. ~ . .).; u~ JI ~ lw uS~L ~l.. ~ . .).; <S ~~ 

~~- \.)~ a wlj(.>" ,Jl:.. w[,:.cc"-! .~I (.S!,yyy-~ ~l.. ,..::..."J/I.,.. jI ~J.J~ 

J~ ~ .x..:,~ ~yyy- jllw.) jl ~ .c.....;l.. ~~ lS.~ (~y::,(.>" '_AU~; I..\.<!.: .J.5) 

U)J~ ..j..i.".. )I .5 1 <51~.» ,Jl:.. ulf."~ .~ Jl,9.Y. lA,~.» <5!r. ~y 01.1 ~ c.Jl.. 

J~ o~..j..i.".. ~ .~~.).; J~ ~y::,<f' J..ol.. b~ ~. ~»)I ~o~L ~~ ~ . 

. ~I oJ...:, b~b uL.:.; \. \ \ ~ 

,..> . II~' (C......W ~ •.. """ ~ ~ ,.;:$ .J.L.....II .w-.i.; . 1.5.~ ;l..., ,.....;,. '!'<.J; 
I ~ 01. :.r..J .. ..yJ' yo J~ .) ~ • ').. (f.. .)'..oJ.! .Y. '"' 1.:.:' 

(j~ l..1 .~y::, J.,;;; c1..:i.; ~. ~ I:; ~y::, ~ J...\.i(jT ~J::"! J.,1~ b~ ~.)J <5.)J ..41j~ 

J~ .5 Ai}ul....i!> Cr .) C\ <5~ ~ .~I .c.....;l.. ~ ~ ,~I ~.» ,l...J J.r r> 0:1 

. .x.::.......... ..s..., .. l..1 ~ .c.....;l.. ,..4I~J...:, d~ ., k; .. ' Ii( ,. .. ...Y yo y- Lr.'. i.Jy ~ 



,.,,~ 

JJJA~~ ~J ~J} . Y 
.c...;b ~~ C~I .>J Y'~l:... ($~,.t$ • .J~.J) ~La -' ~.~I) r..s> f. "-! J.a.& (),!I.J) 

($l..;;.cI.l5'.;A> ~I.; ~YuA\:.:;.,.1 G ,'::".JJ"""'(),!I.)) ·~4 ~ ~j .~ ~ G r-sif ~) 

'::".Jy-::""-! .;~ 1 x E G.;A> .s ~4 )Y":Y' .;4 G.J) gk , ... ,gr,g, 

.~ ~ ($) I.l,t:. I Uk , .•. 'Ur ,U\ .:,1 J) .s c...;;. 

)Ji. ,'::"Jy-::"(),!l.)) .kg = 0 tS ~4 ~ ).l,t:. .;4 k) ,g E G r-sif ~; 

.t5,.;T ,~~ ':'Y":Y' ($Ik ~ }1·~l.;if G yt ~ 1 g) g<.;;.r 1 ($Ik ~ ~ 

. ...::..,...,1 uA\:.:;.,.\; "';;.r jl g ~Jif 

* . .)y' ~~ J~ .)JY' ($.)~ J>~ J':' '~J}~ 1 Lt;T u~1 AS <.x.J ($~La 

($~~ ·~4 ..JY'if'l.:;.. ~T oJ} ~ G r-sif ~; .(.I.:!~ ~) A ~ 
($l..;;.cIJ ,';:s)lc 1 mi_\ ,mi ASmk"" ,mr ,m\ L>~c..;;r) ~j",,-! gk'", ,gr ,g, 

~ ~ G AS J,;)Y":Y' .;~ if'l:...1.; ~r)l hi •... • h r ,hI 

OJ} {hd J )r<./" ~j 9i .h....j .s ~I mi ~r) ($))) if')} {9i} ,) J') AS '~4 

.~I hi .h.....,;; o~~j ~l.:;..1.; L>J)) 

~j * 

1. G. Birkhoff and S. MacLane, A Surveg of Modern Algebra, Macmilla,n, New York, 

1971; 

2. L D. MacDonald, The Theory of Groups, Oxford University Press, New York, 1968. 



~\...\.l;\ ·..)jr(J'" U::-"'" G 1-j ~;~ ~.J.,1~ l) ,mk , ... ,mr ,m, ~\...\.l;\ \. \ \ ~ 

.MG(J'" G • ...;;J 11) ,G y\:; '-:-'!.~ 1 mk , ... ,m'( ,m, 

~j ,u.J)"""'u.l.J~ .~~ G .uY'($"'l;;.. ~T oJ}) ($"'j}J!.J H ~(J"'~; .B ~ 

.~\ G H j H ($lA~.J ~ ~..I.lr. G 

~\ G OJ}J!.) H S;;; G ~~J!.) .~~ ($"'\;J~ ~ O)}G ~(J"'~;'c ~ 

.x Y E H o~T ,y E H j x E H ~l:.::}\...b;j)}\ 

....>:.i. ~ .."..-.-'.) . 
O:p ,p = 0, ',r, ... ,n ($1\~) ,~~ ($~n <.r~ .}~L p...-~ K ~(J"'~; 

«($..1-""",,, L-» ~ ,K ~j-p .J~\ ~ ~ K ($» \S»->,P ~j .~~ K ($4S~L_p ~\.AAj 

~~ 
I '( Q p 

Cp = UISp + ursp + ... + UIYpSp 

.~ K ($4S'~L_p ,s;p , ... IS; ,s~) ~ ($~\...\.l;1 U IYp , ... ,Ur 'UI ').J~ 6 ,~I 

~;(J'" ~..,o.Jt, • ..:........,1 K ($4S~L_p ($)..1 ~ u.J)""'" ~. cp 1..iJ 

~.J~ ($~)-P .:,1j(J'" 1 K ...5::,l.,-P.;A <.5 ~.? ~j ~~ . ..:........,1 ...5~l.,_P ,Sp .:,T.J~ 6 

c' p 

. ..)j.}-:o J!lr. ~) wI ~~ iL.:; 6 .::-j} 

($lA~) c~) cp}1 

) 

lA~)_P ($lr. ($J!.~..:Sr .:,;L; j ..:........,I~)-p ~~)-P j~~'" 1..iJ .~(J'" U:~ 

J-.:',~~.:,T ~l"":' iL.:; <.51 ($~J-P ·..:........,\.;:.~c::.Sr ~ ~1...\.l;1 ~ liJ ~I))y' 
~.~ ~(-Ui)S~ U.J)"""'~ ~'Uist~J-Py<l> U"~ ·(cJu) MG(f' ~J-P 

cr""j~ 6 J.A:>(f' ($"'j} ~ K ($lJ,~J-P rL.:; ~~ ,1.tW: 01.\ ~ u.lr.~ .:>y::,(J'" 



~~--------~----------~ 

K tSu.~j-p OJ} ~ tSy?~j-p OJ} J J:J,~rs" ~l.; Cp(K) ~ 1 oJ} u.1 .c....,1 ~T 

.kG($" 

~ Cp(K) oJ} Ii! J c....,1 Cp(K) "! ~ -Sp .[$.;T ,~~ K ) ~~L_p ,Sp }I 

o~yL;...::.;1 ~) ~ Cp(K) ~~ u)~-" "! . .xS~ ~ K LS4S~L LSlt+:-~ 

.~($" ~~ ~ ..1.11 c_ \ (K) .c....,1 K LS1 

,a\ ,ao c..ri.; ,(ao,a\,ar) <-.5"~L_r) ~ ~ K ~u-" ~;,." Jl!..o 
LS~ ~ (ar,a o) ,(ai,ar) ,(ao,ad ,(a\,ar) ,(ao,a\) LS4S~L_\ J ,ai ,ar 

.~~ r. \ \ ~.;~ O~d~0L; 

Ii! J K LSlA~j- \) (a o, ai) + (ai, ar) + (ar, ao) J (a o, a\) ,u';Y""'u.I.;~ 

.~ C (K) . .' lA .... '-' La.. l:;.~ C (K) '" -1.··_ \ y-= .;::> <.5-. ~.; ~ ~ • '.J ~ \. ~ 

i j')J . f 

~ 1 <-.5"~L J~ u.1 ~j)t; ~.;..: .~~ 0T <-.5"~L -'~ tm+\ J Sm J p...-. K r.s-u-" ~; 

.[$.;T ,~~ tm+UI <.s+:-J sm}I.r.s-($" ~.~J!.j U.;Y""'''!J ~~($" 0L:; [tm +\; 8 m ] 

) <.s+:-J 8 m = (a o ,a\, ... ,am) <-.5"~L}I·~r($" ~~.)....o [tm+\; 8 m] ,j'Y\, ~J,.c 

tl.Sv4 ~),) ,)Y>;J b .x.;L.. r.5J..:.') U"1 o[$.;T ,~~ tm+\ 



J 

~ s, = (a" ao ) ..s~L_' J Sr = (a o , a" ar) ..s~L_r J..L.::, 1 K ~ '1'." Jl:.A 
~ J:.1 f. .~.r.S'~.)..;.J~ ,..:.........1 .~ d~ vL; f. \ \ J f. \ \ l.5~.J~ ~ (,$.lf..P.. 

,f." 

.~~ r J q ~;~ K ~ l.545'~L_(m + \) J 45'~L-m ~I.M; r.sc.s"~; Jl.:,.. 
~;~ ..s~L ~~)~ 0.'.1 r.sc.s" ~; 

,j = \, r, ... ,q) i = " r, ... ,r l.5bl~) ,~~ 



) <.S~ r <.$""':'.;1.. .~ - \ ~ \ ,0 .s ~.J)Tu-" ..:.....w~,,! TJi] ~~ r X q ~1J,i; "! u.lr.~ 

~j\..1 ~;1.. u.1 '~~u-" ~ ~~ TJi] uT Ilj ZJr) Iii ~ ~1~ oS ,.}r q 

'~~u-" ~l; Im ~) r-l;(5" fj'YG 

<.S4S'~L ~;"! o,.r.:i) prsp ,rsp ) ZJI...J}w ,~~ (a o ,al,' .. ,ap) ...s~L sp)'1 

~!'»~J!.) ~ "! 1~ . ..:.....wlo.,r.i) (p,r,ao,a" ... ,ap ) ,(r,ao,a" ... ,ap ) 

.~b 

..r.lr. oS ..:.....w4S'~L_m ~1J.i,· J m <.S~r ~1J,i; 1..:.) ~)~ ~.Y':') ImIm- I y~l> .w~\ 

. ..:.....wl Im-I tSL",,~ ~1J,i; ~ 

) ..:.....wI u.J~ Im1m-1 Ilj ZJr) Iii ~ ~1~ o~T ,~~ q 4S'~L_m ~1J,i;)'1 

q 

"'" m 7n- \ L..t TJik TJkj . (\) 
k=1 

. ..:.....wl)...:> TJik ,~~ Ij~ s~ ~ t~+1 )'1 . ..:.....wl)...:> ~1~ u..1 oS ~~u-" ZJL:; 

w~)~. 'u..lr.~ . ..:.....wl)...:> TJF:j-1 ,~~ Ij~ u~_1 ...s~L_(m - \) ~ s~)'1 

.~~ Ij~ u~_I) t~+1 .s~L)~~ ~ s~ &TJ-.. ..:.....wI)...:> (,)~ ... 

}I ..::....Jy-ou.I.J~ .~~ Ij~ u~_ I ) t~+ I ...s~L)~ ~ ~ s~ r.su-" ~.; 

k _ m- I ( j ) ti _ m m- I ( j ) sm - TJkj pum_ I' m+ I - TJik TJkj rpum_ I 

.s ~~(5" ~ ~I) . ..:.....wl t~+1 ~L;,I (.)"'1 r ) s~ .;L;,I (.)"'1 p ZJT.J~ .0 

t i m m-I ( j ) m+ I = -TJik TJkj prum_ I 

m-I ( h) = -f/kj pVm 

<.S4S'~L ~.s ~)~ ~.Y':'j <.Slv~ ...s~L_m u..lr.~ . ...:........1 TJik(rU~_,) ...s~L_m 'V~ ZJT.J~.s 

oS..:.....w1 ~G.~ TJik j -TJF:j-1 ~;"! ~T Ij:JG ~I~I) ..:.....wllj~ U~_I) t~+1 
'u.I..r.0)')k . ..:.....wl K) ~~L ±V~ JjJ)..:.....w1 K ~ ... ) t~+1 ...s~L)~) ±V~ 



~.I) . .;.;liJ)L., u~_\) t~+\ ...)jL)j~ ~.s ~ K) c.s.'.~jL ~ ±v~) s~ 

~ ..h.j ~ wJG.... ~ ~. ,( \) ~ Jj ~ wJG.... ~ ~ tSUI~ .s r:.~($" ~ 
~ Jj) ,...::...,....,1;"':' (\) ~)J..i. Ii! .jJb jY';) wJL;.,.. .::.,...,.")..;;. ~ J) ~J~ uW 

.J.....J($" w~1 "": ~ ~; LXI ~ .ImIm- \ = 0 

Jr .~ 
Jr .~~ K tS~jL_(p - \) ,lAtp _\) ~~L_p ,lAsP) ~~ ~ K ~($"~; 

~J-(p - \) ,(p > 0) st "')jL_p 

j 

u..lr.~ .jy:;,($" dj ~.L..; opst ~) ...::...,....,1 

~ i - ~ p-\ t j 
upsp - ~ 7/ij p-\ . 

j 

.r,5($" W:~ ~ 1 "')jL_o )r . ...::...,....,1 t~_ \ ) s~ i)'Yu ~~ 7/~-:- \ ~IJj 

WJY""'''": tS~J-P ,Cp r,5($" ~.; .r=-'""J($" ~J Jr "": "')jL Jr) 'f..J ~.~ ~ 

~ ~ JrtY. i ~ j~ ~ tSU I,,": .s ...::...,....,1 LXI J. ~.; ) Jj oS ~J)r($" "'::""""'j,,": 

.Oi = 0 ) Ci(K) = 0 ,K 



• .. • 

($~ ~ K &j1 (a o , aI, ay)) (a o , a\) LS4S~l.w Sy) S\ ~(5'~;~" \ JI:.,., 
":"'JJ"""'u.1 J~ .~~ 7-. \ \ J D. \ \ ($~ J~ .J....::.d~ ,:,L.:..; 

OrSy = (a o , a\) + (a\, ay) + (ay, ao ) 

=(al,ay)-(ao,ay)+(ao,al)' 

,('u}(5' ($J..,t; ~ J~ 1 ~J J..r <..r"'lwI J:r..) 

I ••. .:. .Ab. ~" .L{;T ,p > 0 J....::.G " K <'I r. \\ ~ ($~.J-- •.. :.r J. ~.r' _ 

. '. p ~ . 0 (0 C ) 0 e ~ .. lc ~ - 1 J.," . .Ab. ~ ~J- ..,,--~..r~..r ~ , p- \ p P .J"":. '--'J. . . ..........., cfl:! . ~.r--

. ..:.......,1 

0p_ \ (opcp) op_ I (2:: 'Ui17~- I t;_ \) 
~j-(p - n J'; ..:....J~ ,p > \)'1 L.I 

i,j,k 

o ,\. \ \ ~ ~~ .~ 0~L..._(p - n lAu~_y .:,T.J~ .s..:.......,\ 

. .)....,J(5' ..:...~I ~ ~ u.lr.~ .op_\(opcp) = 0 liJ 



4>.r: .r 
~J ~ wT Jr olS',;A .x...i.; o>r;-P 1 K LS» ~J-P .~~ ~ K ~L>"' ~j 
? ~ ,., ..-:: ..-:: 

..r 1 . ..:.-.....,1 ..;.. .r:-P ,Cp oK;1 J)pcp = 0 j ~~ ~J-P ,cp';l ~~ u.J~ "-! ,~~ (~~ 

IjJ .opcp = 0 = apc~ ol5.;T ,.x....::,~ ..;.. .r:-P j~ c~ j Cp 

)I c/'j}.r..J lA..;...r:-P (L; ~~ ,C ~ "-!~ u.dy.~ . ..:.-.....,1 ";".r:-P ,Cp - c~ ~ 

.~~if' wI..:.; Zp(K) ~ 1 wT 6 ,..a~L>"' ~ Cp(K) 

.~~ ~J-(p + \) Jr ..::.-......,1 ~ ";".r:-P 6 ~b &.:>;y ~.~ "." ~ 

";".r:-P ,Cp olS',;A~. ,.x...i.;L>"'J.r"-P ~~ K)I LS~J-(P+ \)Jr .51LSI..;...r:-p 

6 ~~ ~y;-y w~ cp+\ ...wL. K )I LS~J-(P + \) j ~~ 

. ..:.-.....,1 Jr-P ,Cp ol5.;T 

LSlA~J-(p+\)j.apcp = 0 = apc~u.JY""'u.I.J~ . .x....::,~Jr-P'C~jCP~L>"'~j 

6 .).;~y;-y w~ K LS» c~+\ j cp+\ 

Zp(K))I c/'j}.r..J lAJr-P (L; ~~ ,C ~"-!~ u.lr.~ . ..:.-.....,IJr-P ,cp -c~ IjJ 

'~~L>"' wI..:.; Bp(K) ~ 1 wT .5 ,..a~L>"' ~ 



ll,,1 .V 

~I..o (.$~JJ .V 
,J...:j~ jr-P ,cp - c~ JI .~~ K LS» 0.> .r;-P ):" C~) Cp ) ,J...:j~ ~ K ~l.>" tf;» 

~.J'l.>" 

'(~~.J:" ~~ (lS LS~) ~ /' J:" 1 rv .)l; ~) .:-.1 .::.....;l.. c~ ~ Cp ~.}l.>") 

.Cp ""' 0 rjl.>") .:-.1 .::.....;l...;...o ~ Cp ~.Jl.>" ,J...:j~ jr-P ,Cp .)y JI 

. .:-.1 LSj)~ ~1 ~ '" ~1 .s ~.)l.>" wL; 

.Cp ""' Cp ,Cp - Cp = 0 wr; :($.tj~ ..1r (WlI) 

D ..::.........,1 .)y..r" w4 Cp+\ l..u ,Cp rv c~ ~~ tf;>~ :WJli:; .1~ (~) 

jjJ .Cp - c~ = 0p+\cp+\ 

c' C ~:" 'p""'p ... J) 

uJY-00.'.IJ:" .c~ rv c~ ) Cp rv c~ ~l.>" tf;» :($.~j; ..1 r (d 

"1: 1 c"-o ( +') .. ' .Cp rv Cp .)J) ,Cp - P - p+\ Cp+\ Cp+\ ~ J:") 

.J:Sl.>" ~ !r:v ):"~.):" LSj)~ LSlAO.)J ~ 1 lAo.> ..r.--P iL.:; k.~ rv ~1 u.lr.~ 

. ..,\;.o~l.>" P ~) ~l. LS'u.o:'J 1 lAo .)J 0.'.1 

lAo.>.r;-p) O:"J'):" [c~].) [cp ] r-sl.>" tf;» '~l.>" ~~ 1 lA o:"J 0.'.1 ~ JL:.. 
UJY-O~ 1 ~T ~ .~~ 



.~lA~~..J ;;~L;) ~ ~ (il h) ,~I ~)D: ~~ J} (r-":..4 .r.5lS" ~.r:: 

oS ~I c:.::'""lj ~~T ,~~ lAj.r-P ;;~..J ~.L; [0]}1 

[cp ] + [0] = [cp ] 

j 

J:J,~lS" uL:.: -,..JLk... (il .~I.x~cS r lA,..;.. ~-P ~ hj ,~I.x~cS r lAo~..J ~ 

~L;Hp(K) ~ 1 OJ} (i1.~1 ~ ~T OJ) ~p ~jI ~l.. LSlAo~..J ~~ 6 

( 

-< /. /. 

Hp K) 6 ~rlS" ~ OJ.} 0:'.1 ~L or jI . .x...~<..S" K flp ~\... .)~ j .J:...>,~lS" 

~ ,~I Zp(K)jBp(K) ~GJL;.. oJ} 

Hp(K) = Zp(K)j Bp(K) . 

j 8r = (ao,a\,ar) uT..J:l6 ~.Aj.;..J:l1 K(sr) -...9)w LS~r ~'f.\\ Jl:..o 
,..\;Io~ U""'~~ ~.TlS" Y. .xj..J:l l+T ~L; jI oS "';..J,Y'D: Sr LS4S':lL 

,p > r LSblD: IjJ j J)p = 0 j Cp(K(sr)) = 0 ,p> r LSblD: .(~ 1 v." ~) 
~ .Y' j :lrlS" ~; (a o , a\, ar) ~ .h...; Cr(K(sr)) 1..1 .Hp(K(sr)) = 0 

.m E Z uT..J:l 6 ~I m(a o , aI, ar) U..JY"""'D: Cr(K(sr)) 

rub Cr(K(sr)) jI m(a o , a" ar) ~.Y' tSblD: 

v.,,~ 



keror = Zr(K(sd) = 0 

H r (K (s r )) = Z r (1< (s r )) I B r (K (s r ) ) 

~ ~ . .. .J 

~~.A 
~J..j)~ t~1 .l5'..,... .,J.:...~ ~ 1 K ,u.JY""'u..I.J,) .~~ ~ K ~c...>" ~) 

<:"I...b..:o.; <:"1 ~I..x........;. K -s ~I,) . L::.; '1" .~L.; ,jj Ijj ( ... ...5~1...., ~ -s . ...L;~ .r ).r . W W'Yc...>" . ') c.r~ \!.:. LY\>' 

~~ c~ .)bd ~ bJ}~ Ho(K) ~I .:..L;I <.S!r. .~~ ~ IKI ~)J:...:: 
.~b r-"[,> jl; <.S~ ~ ~ ,~I 

($""1).)..,... <.Sbl~ -s ~I wI ~~ ~ K ~ ~I <.S!r. .}l.S') ~j;l .1 r f.' , ~ 
..:wL. (J" Y.) jI <.SI.J~~ ,b) a ..:wL. K jI 

~c...>"~) ~ .~~ K jI ~1y.J~ (J"1 a) ~~ ~ K ~c...>"~) . .:..~\ 
~) a ~ .J.Ji. ~ ~ u:.l.I,.J~~ ~ 1 4:T .:,~ ,.,s ~~ K jI (f'""Y.J ~L.:; ~~ Ko 



.x.;l.. ~..J!.J ,~~ Ko )~ uL:......y) .s K) <...>-'.4S~L rl...:; A..:~ ,u).J'"""Lt.I)~ .~..? 

.JA~ 1 ( , •• L 
tf v=-'''''''''' 

.' <'I) ~~ ~I,;,; L ~ <~L ~ .s ~~ . (~.. . M .~< .' ~ ..r'. ) Lr' \.!.:. • l5...1"":. ~..J!.) rtf t.r ~ 

1:J ~~ ~ ~~ M ~)~ . .xS~ F 1 L ,M u).J'"""Lt.l)~ .(~~ ~Y:Y' ~ 

.~..? ~" ~~ ),,)i.. ~ ~ l51.J~~ ~ U1ytf 1 K) c.r"1,,~ f' Lt.lr.~ .~I ~ K 

~ U).J'""")~ oS ~ ~ 'l5I.J~~ ~ ulf.: 1 K) c.r"1,,~ f' r.stf ~; ,~~ 
K (0).J'"""Lt.IJ~ .~~ ~ ul5-..1 U).J'""")~ K oS r.stf~; .~..?~" ~~,~ u~ 

c.r"1 b" L) c.r"1 a r.stf ~; .~I M" L.x.;l.. ~ ~I.; ~..J!.J"~ t~1 
cd) ai r.stf ~; .~~ b" a .J:..:.Sj...o" 4l~~ aT , ... ,ar ,a\ 4l~~" ~~ M ) 

.~I L)~ ai- \ " i > \ U).J'"""Lt.I)~ .~I M ~ ~ .s ~~ .J~~ Lt.1) l5r= 

.~I ~ K.s JA~tf uL:; ~L::; Lt.1.~ K) ~~L (ai-\,ai) u..lr.~ 

~ o,,}~ Ho(K) 'U).J'"""u.I)~ .~~ ~~ ... K r.stf ~;~." ~ 
.~I~~~~I~I 

..s~L_ \ .~~ K ) tJ~L- \ (j"y) ai+\ " ai oS ~I ~Y:Y' u4- K (j"Y) ) 

0).J'"""u.1)~ 'J.:.A ~)~ 1 s\ = (ai+ \, ai) 

T-\ 

0\ L us\ = ua ~ ub 
i=\ 

~I ...;;.....;L., ub ~ ua ..s »'::'tf u~ ~1 Lt.1 .,.!..,,::,~ ~ ::'N- ../' .,;.;liif u UT)::. oS 

.~I...;;.....;L.. (2:ui)a A>.r.-- a ~ ,~~ K) ~I;J~ A>.r.--o ,2: ui s:}1 ,~)~" 

,oS L.......,I .J.:.;y u~~ .~I ...;;.....;l.. ua ~ ,<..>Iu ~ ~~ l5!;I~ ,K) l51.G-.r.--o f' JjJ 

.c.......;l.. )'1 Jr..J .~ .c.......;L. va" ua l5~ A> .r.--o ,,~ ,v " u c~ ~~ ,,~ l5!;I~ 

~ ~~~. l5);L::; 'u.lr.~ .u t- v 1:J ~ ~ .s ~y. JA[,> J/'-o .u - v ,~~ 



j;) ~ v j tt}I.).l:;; <.:1..1.);) .;).)b ;)Y>;j ~I..JJ;:.I ~~j ~";'..f:-o ~L. tS~.;)) 

.~y. ..l-Al,> j,L.. .~.) j~ wT ~ ~ u + v 6 c.....,1 C:""'G .~T ,~~ j,L.. ~L, o~.) 

~ ~ 1.iJ j ,c.....,10~ ~ ~I..JJ;:.I ~ .jj~ Ho (K) .s rt.r.S(J" ~ ~.I) 
• .)....,.,.)(J" ..::....l;1 

tY...,r-J 
.~ ~ 1 Hp(K(so)) ~L, OJ} 'P > 0 tSl;l~ .80 (a e ) ~ V:» ., 

~ ~ ~I..JJ;:.I ~~ ~ Ho (K(sr)) ~~ wL.; .~~ ..s~L,_r sr ~ V:» .Y 

.~ ~ 1 Hp(K(sr)) ~L, O..,} 'P > 0 tSl;l,,-! .c.....,1 0~ 

Ho (K\(sr)) ~~wL.;·~~K(sr )tS~wl~L \ K\ (sr )J,.....$';)L_r Sr ~v:».~ 

tSl;l~ .c.....,10~ ~ ~ ~I..JJ;:.I ~~ ~ J~ <.:I..ljl ~/' j H\(K\(sr)) ~ 

.~ ~ 1 Hp(K\(sr)) ~L. OJ} 'P > \ 

0), ~L, tS~j} r'L..;.f 

{(x,y) E]Rr: ~ S (xr +yr)\/r S \} 

·~~1 
Bp_I(K) ~ Cp(K)jZp(K) ~(.Jl.;.. .j}'p = \, r, f, ... tSl;l,,-! ~~ wL.;·Cl 

.c.....,10~ 



~.JW ., 
(5~.xj .6.n WJ~ <"s::.L_n 

n 

.6.n = {x = (x 0 , x \, ... , xn) E jRn+ \ : LXi = \, Xi 2: 0, i = 0, \, .•. , n} 
i=o 

v 0 = (\, 0, ... , 0 ), v\ = (0, \, 0, ... , 0), ... , vn = (0, ... , 0, \) . 

. ~ 

\. H ~ J~ 1 ~~L u.1 .~I ~ ~L; .6. y ) .)~ .6.\ ,,Ja;S; .6. 0 ,. H Jb..o 
.~Id~ w~ 

.rs'l.S"" ~~ 1 ~.J,J.y'j (5~ ~ ...5~L_n Jl.:.. 



\ 1"'\ ~).ii 

• 

Vl 

,.,~ ~ 

li.J . ..:.......,1 X J::> c.>~ Lu ~ 0'::>L_ \ .c.....,1 X J::> c.>1.J,:.;,; ~ 0'::>L_o "'., '" JI:;..o 
w.. .. f(t) = A.( \ - t t) ~L;, G 1 f ~L{; ,~G . <-- 0'::>L_' ,A. .~< .' .. /-' 'f' , . . !) • ~v 'f' rif c.r ~ 

}I '~4 . ..:.......,1 ¢(V\) j ¢(V o )) c.>~ f : C ----+ X ~L{; ,wJ.r"'u.IJ::> ·r.sif 
~L{; ,cjJ(X o , XI) = f(x\) ~.rJ 4 oL{;T '~4 ~j;'" f : C ----+ X .x.;l.. c.>~ 

. ..:.......,1 ~ 0'::>L_' '¢ : 6. \ ----+ X 

c.>~::>L_n iL.; 4:. b} {¢j : j E J} j)~,;,;1 c.>1~~ J ~if~; "'., '" ~~ 
~ ~ ~J~ ,uJ.r"'u.IJ::> ·~4 X ~ 

0+.01.; X ~ ~j_n ,J,;~ uJL;..... L",nj jl <..>"'l:.::... c.>::>I»:: .1..0 j nj E Z uT J::> oS 

.::> y::,if 

·:;,y::,if 0:;,1::> .;:.,..L; Sn(X) 4 X ~ c.>L",~)_n iL.; ~~ 



UJ.r-"~ 1 Sn(X») ~),) ~ . ..::,.,\.;;I 

I: njq)j + I: mjq)j = I:(nj + mj)q)j 

'E.(-nj)q)j ,'E.njq)j V'~ ~j..:;......,1 'E. oq)j ,Sn(X);...a ~ .~u-" W::.r> 
. ..::...wl ~T b)} v..1 .;5 ..::...wI ~b) J,;)}/. b)} ~Y' J.r-"I . ..::...wl 

I.Sjr~ .~ 
0tq) ~ ..5,)L_(n - \) ,i = 0, \, ... ,71 LS'bl~ .~~ ~ ~,)L_n 'q) ~u-"~) 

0J.r-"~ 1 

~ Sn~' (X) bj} ~ Sn(X) oJ}) ~.rA ~ Oiq) 'v.!I.~ .~u-" ~ . .r> 

I: njq)j ---+ I: njOiq)j 

~L;, ~ 10: Sn(X) -+ Sn_'(X) U;jr ~ JL,.. . ..:;......,1 
n 

o Oo-O,+or ... + \ton I:(-\/Oi 

.00 0 .,..,.,. ~ 

~.L..; ° ~J.J') .s 'OOq) = 0 ~,)u-" wL:.; .~~ ~ ~,)L_n ,q) ~u-" if:') ."::"'\.;;\ 

('ub . ..::...wl ~w, 

n n-\ n 

OOq) = 0 I:( - \)iOiq) I: I:( - \)i+jojOiq) . 

.s ~ru-".,.)L !).",Lv...I: .OjOi = OiOj+' ~,)u-" .:,L..::...; I~I ,i S j }I 

(OjOi¢)(Xo,"" xn-y) (OJ(Ui¢))(X o ,'''' xn-r) 

(Oiq»)(X o ,'''' \,o,Xj, ... ,xn_r) 

= ¢(x ° , ... ,Xi- \, 0, Xi, ... Xj~ \, 0, ;J,:j ..• ,xn - r ) 



n-\ j n-\ n 
aa¢ = L I) - \ )i+j ajai¢ + L L (- \ )i+j ajai¢ 

n-\ j n-\ n 
= LL(-\)i+iaiaj+\¢+ L L (-\)i+jajai¢ 

n-\n-\ n-\ n 
= LL(-\)i+jajai+\¢+ L L (-\)i+jajai¢ 

n-\ n n-\ n 
= L L (- \ )i+j- \ ajaiq) + L L (- \ )i+j ajai¢ 

== o. 

~~ .aa = 0 .lS'~ .x...~ c..> .r:-n 1 a E Sn(X) .x..;L. ~ l.S.x:P:':'j_n f. \ ~ ~~ 

/jJ ·J:J,~if ~L..; Zn(X) ~ 1 X l.SLAc..>~_n rL..; 

.x..;L. l.S~) l.Sb/~ olS'~ .x...l;if }r-n 1 (3 E Sn(X) ~ ~)_n f. \ ~ ~~ 

uL.:~ ·J:J,~if ~L..; Bn(X) ~ 1 X l.SlA)r_n rL..; ~~ .(3 = a"y ,"Y E Sn+ \ (X) 

~.Jl.i;) (\ \ J..a.9) C~) . ..:.......,/..:.. ~_n)r_n~ oS ~.r-if ~ r. \ r ~) 
~) 'u/ f..)~) ~ X ) c$.~))'';:') Bn(X) ) Zn(X) oS r:.~if ~ J; 

. ..:.......,/ Zn(X) 0))'';:') Bn(X) oS ~~u" ~ r. \ r 



J riu-" ~ . ..,.,.:; Zn(X)/Bn(X) ~GJL;. oJJ1 X (In ~\.. ~~).O. '" ~~ 
(i.i.I.~ .J:J,:;u-" ~l....; Hn(X) ~ 

,a f3 E Bn(X) JI ..b.o J JI c,...1 j)rA f3 ~ a r:::.Ju-" .~r ,a, f3 E Zn(X) JI 

) c,...1 \.S))rA ~1 ~. ,ev ;$ :; y::,u-" ~ J:;L "! .a "" f3 ~Yu-" ":;"JY""'u..1 J:> ) 

,a""" f3}1 .~ \.SJ)rA ~1 u..1 ~ u,-">..r; \.SJ)rA \.SlA.o:>J ,Hn(X) \.S~lljJ 

. ...I:IIC.......'..\.. f3 a...\.:...f J .. ,Yu-" 

.~~.u-" \.Slo:>L \.S4:JL:.. J:> 1 ~L.. \.S~)} JL:.. 

/' \.Sj)"! J c,...1 ~.A. Z ~ Ho (X) o~r ,~~ \.S1.J...:i.;....>.:; ($.~ X JI~.'" ~ 
.Hn(X) = 0 ,'n> 0 

Sn(X) Z {k¢(n): k E Z}. 

n n 
o¢(n) I)_\)ioi¢(n) 2:)_\)i¢(n-') 

\) ~~ [).i n J n > 0 JI 
~~ :» n J n > 0 }I 



n = 0 ~ J...:;~ .:J) n}1 

n > 0 .) J...:;~ U) n}1 

J...:;~.:J) n}1 

J...:;~ uJ n}1 

.s ~.~rf ~ ~~ u.1)I 

n = o}1 

n> o}1 

2: nx x 

)I.;::i.) .xl~.....o L.pl...l.cl u.nx .) .:Jrrf ~b. ..... x E X .r""'~ LSJ) ~ ,).).:J .s ...:......,1 

~[(; .';';)-0 ~ ,~T)I ~t:... )1»:: 

·~rf u.:.~ 'l/J("£ nx x) = "£ nx ~~ ~ 1 
~ ~ J...:;~ LSI..;. ..f:"-O ,"£ tnx x ~rf ~) .~I ~.~~.? 'l/J ~ ~.:Jrf .:,L:.; 

l.i.l ,...:......,1 .c........;l.. "£ nx x 

Lnxx = Lmxx+oa 

.s ...:......,1 ~~ .~ ~ l545')L_' u.¢j.) kj E Z .:,T.)) 6 ...:......,1 

oa = L kjo¢j = L kj(¢j(v\) - ¢j(v o )). 

jEJ jEJ 



7)) (2:nxx) = ~ (2: mxx + ocr) 

= ~ (2: mx x + 2: kjC/Jj(v\) - 2: kj¢j(v o )) 

= 2: mx = ~ (2: mx x) . 

';)rrs-~ J;)L ": ~ u;)y, ~.rA . .:.-.....,1 ~~tPy> ~ ~ ..u;)rs- uL..; ~1 0:.1 

~ <.5 r"';)rs- uL; '0';" ~~ .~(nx) = n ,X E X ~ f' L>bl,,: k) .:.-.....,L;.x ~,~ 

o~T ,~~ ~ r;-o ,~nx x}1 . .:.-.....,1 ~":~ 

2: nx X = (2: nx) X 0 + 2: (nx X - nx X Q ) 

xEX 

j L nx X u.1l:: . .:.-.....,1 Xo ": X ) l5~ ~ ,G.....,I v.:Sv ~;)L_' '¢x uT j;) 6 

~ 1..iJ .~nx = 0 o~T ,~(~nxx) = 0 }I ~ j;) j ~ .::......;1.. (~nx)xo 

.J.....,jrs- 0~1 ": ~ u.!r.~ . .:.-.....,1 ~":~ 

~~I ~-:~.~ 
j Hn(X) .~~.c:.w~ ~~ 1: X --+ Y j ~;).xj ($.lA~ Y j X r.5rs-~; 

~~ ~ 11* : Hn(X) --+ Hn(Y) ~~ j ~.x.5rs- ~ j:.1 Hn(Y) 

6 .:.-.....,1 c:-"~ 0 j -,",""u.1 j;) . .:.-.....,1 X ) L>I~ r;_n '~jEJ nj¢j ) j;) 6 'r.5rs- ~~ 
G.....,I rLn ~l.. l>~j} ~ ~.rJ' ~. 1* 



~L;" ~ 1 1 : 5 (X) ----t 5 (Y) ~L{; ,J....:j~.c....., 1: X ----t Y ~L{; <'I . .'J # n n . ~ .r 

.81# = 1#8 ~.H ~ 

oL{;T ,J....:j~ ...s~L_( n - \) ,¢)'I .w~\ 

= 1((8i ¢)(xo, X\, ..• , X n-\)), 

= (f 8i ¢ ) (x a , X \ , •.. , xn - \ ), 

= ((f#8i )(¢))(x o,X\, ... ,xn -\) 

~yyf' g.) 1 )'I.~~ .c.....,~ <.$.~L{; 1,g : X ----t Y r-sL>" ~;~. H ~ 

<5~L{; ).J~ .s ,1* = g* oL{;T ~~ 

1* : Hn(X) ----+ Hn(Y), g* : Hn(X) ----+ Hn(Y) n;::: a 

.~ l:J1 I.··~.~ <.$. c..5~~ 

w.:.~ At(X) = (x, t) ~L;" ~ 1 At : X --+ X X C ~L{; .t E C c..5bl~ .w~\ 

oL{;T ,J....:j~ 9 ~ 1 ) cf.,yyy. ~. F : X X C ----t Y )'1 .r-sL>" 
F(x, 0) = 1(x), F(x, \) = g(x) 



1 f.r ~) ~b .:,L; ':'[;(5" J~L., ~ o~T ,A,* AI ... }I 6 (':!y::,(5"';L .~; 

.s(~ 

~.) . L; G..wl . j15 UJ 
1-" u rs--' 

..1.:.:[..( •. ~\ ~ 1.;,-» .. ' .AI>.....5v 
u~~r .~.r- .. 

. ap + pa = >"1# - >"'# .s ~).l ~Y':-' J:.r..) Lt.1 ~ 

.).;I15~j ~,;yy. A\#) Ao# ($~rA r:::.}(5" ,..::.Jb. Lt.IJ.l 

• ..I,.;;,~ X )I ($/0> ...!"!'_n ,0: -' .x...:,~ ($~j ~jY'y, AI# -' Ao# ~(5" ~) 

(':!.))T(5" G..w.)~ ,w.)-"""Lt.1 J.l 

..:.L;.;I ($!x 0.'.!x~ .A\* A,*~. ,.x.::........Jt.c......;[.. >"1#0:) A,#O: 6»..l(5" 0L; ~1 0.'./) 

~ --Y.~ j~lx.~ -,.x.::........Jt ($~) ~jyy, A,* -' Ah ~.) 0L; G..wl ~15,~ 

Sn(X) y-4c~"~ ...$.)L.,_n ,<f;: ~n -+ X ~(5"~).~ ~.r' 1 P J~ 

,i = 0, " ... , n ,Pi (¢) /' ~(5" c.?) -' (,:!.r.S'(5" )..; J.l 1 Sn+ \ (X x C) .J...:;~ 

~L..;, ~ Sn+I(X X C))I ($yA.c 

Pi (¢) (X 0 , X I, ... , Xn+ \) 

=¢(Xo,X\,Xi_\,Xi+Xi+\,XiH,""Xn+,) X (\ - tXk) 
k=' 



n 

P(¢) = 2:)-,)iPi(¢) 

~~ u.J~ u.1 ~ .sIP: Sn(X) -+ Sn+I(X X C) ~K; ~~ z.,~ ~I;(S" .~~ 

. ..:........,1 ~-!..r-A I~ 

~ ~ 1 oP( ¢) LJI;(S" 

n+1 n+1 n 

oP(¢) = 2:) - \)jOjP(¢) = L L( - \)i+jOjPi(¢) 

j=' 

.K;T Ii < j - \ JI.~y c..S..h~ ~ ~ 1 OjPi(¢) z.,1;(S" ~ .~y 

OjI{(¢)(x o ,"" xn) = I{(¢)(x o , ••• , Xj-I, 0, Xj,"" xn) 

~.J)T(S" ..:........,~~ Ii > j JI 
OJ Pi ( ¢ ) (x 0 , ••• , xn) = Pi ( ¢ ) (x 0 , ••• , X j _ I, 0 , X j, ... , xn) 

= ¢(x 0, ••• ,Xj_ I, 0 ••• ,Xi- y, Xi- \ + Xi, Xi+ \, Xn) 



.~Li =j}1 

ajPj ( cP )(x 0' ... , Xn) = Pj (cp )(Xo , ... , Xj_ \, 0, Xj, ... , Xn) 

j-\ 

= cp(Xo , ... , Xn) x (\ - 2: Xk) 

n+\ n 

k=' 

= ajPj_\(CP)(X o,'" ,Xn). 

ajPj = ajPj _ \ 

ajPj = Piaj- \ i < j - \ 

ajPi = Pi-\aj i > j. 

,...........';.-0 ~ . ..::.. ......0", I aP Jl> I" .. ../ I..> -".J '.).,7-. ') 

aP = 2: 2:) - \ )i+j OJ Pi 
j=' i=' 

i>j 

i=j= \ i=j- \=' 

i<j-\ 

= cp(Xo, ... ,Xn) X \ 

= A \ # ( cp) (X 0 , ••• , Xn) 



8n+\Pn(¢)(x o,'" ,xn) = Pn(¢)(xo, ... ,Xn, 0) 

=¢(XO, ... ,Xn) x 0 

(i = \, n 

. 1 L:.. U.'.I. . 

1 J' i I ••. :- .A" JL:... .~~ W· I ... ,.~ 
!) .3 <5~.r-- ... ~ c..s~ 

i : Hk(U\ n Ur ) ----+ Hk(U\) EEl Hk(Ur ) 

j : Hk(U\) EEl Hk(Ur ) ----+ Hk(X) 

i(a) = (¢h(a), ¢h(a)) 

j(a\, ar) = ¢h(a\) - ¢i*(ar) 

·r.sif W:.~ 
.h.:i; !;)} ~~ ~t I;));) ;).f..J15' ~L. ~.j;.;.J;) ~ J)' ~ 61 c..s~ ~ 

.;)} ~~ 4111 cJ c..s\.",;).f..Jl5') ~ 



~ . . 
... ---? Hk+\(X) ---? Hk(U\ n Ur) ~ Hk(U\) ffi Hk(Ur) ~ 

~ Hk(X) ~ Hk_\(U\ n Ur ) ---? ••• 

. ~ ~ ~.,;. jI J..i ~ . ..rA O..! l5v ~..r.!r. ~..rA.;A ~ 

\ U""!.j~.j-J.\o '~~:l 1 V. \ r ~ Al~~ J ~~ \..S~~.~ 1 J} lS.6. lS~..rA 

. .x..L;~ 

o..!l5v ~..r.!r. ~ . ..rA.;A ~ ,)..!~ 6 1 ~ . ..rA J ~J)') lSl.J~~~.' r ~~ 
. .x..l; \ .\5.~l:.;) ~L ~. ·1 I ~ 00' ~ 
~ U"" • .:J>..! if."" ~J-

.L....,..,I J..IS lSl.J~~ U"":!"!~.J-.x.L. Al~~ .s ~y::.,rf ~ V. \ r ~) 

k = O,n 

Tn* : Hn(sn) ---? Hn(sn) 

.~..!l5vl.$"'" - \..!~ ~ uT y~L... ..r.1lS~.;A 

)'1 .r.s-rf ~~ j;::...1 ~ 1 ~ «.)"":' . ..!~.J-:x.L. Al~~) .~l.<::....,1 ~ .u~\ 
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